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Abstract

In this paper, we will establish the global existence of a suitable weak solution to
the Erickson—Leslie system modelling hydrodynamics of nematic liquid crystal
flows with kinematic transports for molecules of various shapes in R?, which is
smooth away from a closed set of (parabolic) Hausdorff dimension at most 17—5
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1. Introduction

In this paper, we will study the simplified Ericksen—Leslie system modelling the hydrodynam-
ics of nematic liquid crystals with variable degrees of orientation and kinematic transports for
molecules of various shapes: (u,d, P) : R? x (0, 00) — R? x R? x R solves

ou+u-Vu+ VP =vAu—\V-(Vd® Vd + S, [Ad — f(d),d]),
V-u=0, (1.1
9d+u-Vd — T, [Vu,d] = v(Ad — f(d)),

where u(x, f) represents the velocity field of the flow, d(x, ) is the macroscopic averaged
orientation field of the nematic liquid crystal modules, and P stands for the pressure func-
tion. Here f(d) = DqF(d) = (|d\2 — D)d is the gradient of Ginzburg—Landau potential function
F(d) = }(1 — |[d*)*. Furthermore,

S.[Ad — f(d),d] = (Ad — f(d)) © d — (1 — a)d ® (Ad — £(@)),
T.[Vu,d] = a(Va)d — (1 — a)(Vu)'d,
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represents the Leslie stress tensor and the kinematic transport term respectively. The parameter
a € [0, 1] is the shape parameter of the liquid crystal molecule. In particular, o = 0, %, and 1
corresponds to disc-like, spherical and rod-like molecule shape respectively (cf [5, 7, 9, 13]).
The coefficient v represents the fluid viscosity, A stands for the competition between kinetic
energy and potential energy, and y reflects the molecular relaxation time.

In the 1960s, Ericksen and Leslie proposed a comprehensive hydrodynamic theory of
nematic liquid crystals (cf [8, 17]). Since then there has been a great deal of theoretical and
experimental work devoted to the study of nematic liquid crystal flows. The first rigorous
mathematical study for the simplified Ericksen—Leslie system, that is, (1.1) without S,, T,
terms, was made by Lin—Liu [19]. Later in [20], they established a partial regularity for the
suitable weak solutions which satisfy the local energy inequality, analogous to the
Navier—Stokes equations by Caffarelli-Kohn—Nirenberg in [3]. Very recently, the same type
of regularity result was obtained for the co-rotational Beris—Edwards Q-tensor model by
Du-Hu—-Wang [6].

In this paper, we will construct a global-in-time suitable weak solution to (1.1), which enjoys
a partial regularity that is slightly weaker than that of [20]. Besides its own interest, we believe
that this partial regularity may be helpful to investigate the un-corotational Beris—Edwards
system due to a similar structure of nonlinearities. There are two major difficulties in the
analysis of (1.1):

e First, as pointed out by [24], when v # % the stretching effect induced by 7,,[Vu, d] leads
to the loss of maximum principle for the director field d, which plays an essential role in
[6, 20]. Here, inspired by [10, 18], we will prove an ¢p-regularity result by a blowing-up
argument that involves a decay estimate of renormalized L*-norm of both |Vd| and |u| and
the mean oscillation of d in L° as well.

e Second, the presence of stress tensor S,[Ad — f(d),d] brings an extra difficulty on
the decay estimate of renormalized L3 -norm of the pressure function P. While in the
co-rotational regime, i.e., o« = %, we know that S ! is anti-symmetric, which significantly
simplifies the analysis on pressure function (see [6]).

We would like to mention that in a recent preprint [15], Koch obtained a partial regularity
theorem for certain weak solutions to the Lin—Liu model that may be weaker than suitable
weak solutions and may not obey the maximum principle, in which a smallness condition is
imposed on normalized L°-norm of |d|.

Before stating our main results, we need to introduce
1.1. Some notations

Foru,w € R3, A, B € R¥*3, we denote

3 3 3
U'WZ:ZU,'W,', A:B= ZAijBij’ (A'W)jZ:ZA,’jW,'.
i=1 i,j=1 i=1

and

3
(ll (39 W),'j = W;wj, (Vd O] Vd)ij = Z a,'dkajdk,
k=1

3 3
[(Vwd]; =) dud;,  [(Vw'dl, =) du,d;
j=1 i=1
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Define

H = Closureof {u € Cg°(R*,R*): V- -u=0} in L*(R?),
and

V = Closureof {u € Ci°(R*,R*): V-u=0} inH'R’).

For 0 < k < 5, P denotes the k-dimensional Hausdorff measure on R? x R with respect to
the parabolic distance:

5((x, ), (7, 5)) = max {\x V= s\} LY (6,0, (0,5) € R® X R.

We let B,(x) denote the ball in R? with centre x and radius . For z = (x,7) € R? x R, denote
P,(z) :=B(x) x [t — 1%, 1], and

|
f‘,,-Zf == fdxdr
) o [Pl

for any function f on P,(z).
Since the exact values of v, \, v do not play roles in our analysis, we will assume

v=A=~vy=1.
With the following identity
1
V- (VAo Vd) =Vd-Ad +V <2Vd2> , VF(d) = Vd - f(d),
the system (1.1) can also be written as
Ju+u-Vu+ VP =Au—-Vd- (Ad - f(d)) — V- S,[Ad — f(d),d],
V-u=0,

0d+u-Vd - T,[Vu,d] = Ad — f(d).
(1.2)

subject to the initial condition

= (u,do) in R’. (1.3)
=0

(u,d)

Definition. A pair of functions (u,d) : R* x (0, 00) —+ R? x R3 is a weak solution of (1.2)
and (1.3), if (u,d) € (L°L2 N L2HHR? x (0,00), RY) x (LH! N L2H2)(R? x (0, 00), R?),
and for any ¢ € C°(R? x [0,00),R?) and ¢ € CP(R® x [0, 00), RY), with divp =0 in
R3 x [0, 00), it holds that

/ [-u- 00+ Vu:Vép —uu: Ve — (¢ Vd) - (Ad — f(d))] dx dr
R3x(0,00)

+ / So[Ad — f(d),d] : Vodxdr = / Uy - ¢(x,0)dx, (1.4)
R3 % (0,00) R3
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/ [—d -0 +Vd: Vi —d®@u: Vi +f(d) - ] dx dr
R3 % (0,00)
(1.5)
— / T.[Vu,d] - ydxdt = / do - Y(x,0)dx.
R3 % (0,00) R3

The global and local energy inequalities for (1.2) play the basic roles: for ¢ > 0,
1 t
/3 (2 (Ju]* + |Vd]*) + F(d)) (x, Hdx + / /3 (IVul” + |Ad — £(@)]*) (x,5) dx ds
R 0 JR

1
< /W <§(|uo2 +|Vdo[*) +F(do)> (x)dx, (1.6)

/ B (Jul +|Vd]) +F(d)] ¢(x,t)dx+// (IVul” + [Ad]* + [f(@)]) ¢(x,5) dx ds
R3 0 JR3
<//3 B(quJrIde)(8t¢+A¢)+F(d)8t¢} (x,5)dxds
0 JR
—4—//3 B (|u2+2P)u~V¢+Vd®Vd:u®V¢} (x,s)dxds
0 JR
+ / /3 (Vd © Vd — |Vd|’I3) : V2§(x, s)dxds
0 JR
+// So[Ad — f(d),d] : u ® Vo(x,s)dxds
0 JR3
+ / / T,[Vu,d] - (V¢ - Vd)(x, s)dx ds
0 JR3
= / / (V¢ - Vd) - f(d)dx ds — 2 / / VE(d) : Vdo(x, s) dx ds. (1.7
0 JR3 0 JR3

provided 0 < ¢ € CP(R? x (0, 1]).
It should be noted that the following cancellation

t t
/ / Sald;, dz] : Vagdxds = / / T.[Vu,dy] -d;¢pdxds (1.8)
0 JR3 0 JR3

plays a critical role in the later analysis.

Definition. A weak solution (u,d,P) € (L°L> N L2H)(R3 x (0,00), R?) x (L*H! N L?
H?)(R? x (0, 00), R?) x L3(R3 x (0,00)) of (1.2) is a suitable weak solution of (1.2), if in
addition, (u, d, P) satisfies the local energy inequalities (1.7).

The main theorem of this paper concerns both the existence and partial regularity of suitable
weak solutions to the simplified Ericksen—Leslie model.

Theorem 1.1. Foranyuy € H,dy € H'(R3, RY), there exists a global suitable weak solution
(n,d,P):R3 x R, — R x R x R of the simplified Ericksen—Leslie system (1.2) and (1.3)
such that
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(u,d) € C*R? x (0,00) \ ),

where ¥ C R? x Ry is a closed subset with 7717_5+”(E) =0,Vo>0.
A couple of remarks on the presence and size of the singular set ¥ are in orders.

Remark 1.2. Mathematically, it is a very challenging problem to ask if the set of singularity
> is empty or not. Physically, the presence of potential singular set X for a solution (u, d) to
the hydrodynamic system (1.2) may arise from the 3D turbulence phenomenons of the under-
lying fluids (e.g., vortex points, lines, or filaments) as well as the defects of the liquid crystal
molecular alignment field d induced by the rotating and stretching effects of fluid velocity
field u, see for example Chorin [4]. While Mandelbrot conjectured in [22, 23] that the self-
similar nature of turbulence of the fluid may result in concentration of possible singularities of
u on a set of fractional Hausdorff dimension.

Remark 1.3. The best known result on the set of singularities for the Navier—Stokes
equation was obtained by Caffarelli-Kohn—Nirenberg [3], which asserts that it has zero
one-dimensional parabolic Hausdorff measure. For the co-rotational Beris—Edward Q-tensor
system for liquid crystals, a result similar to [3] was also obtained by [6]. While our estimate
on the dimension, %, of the singular set X in theorem 1.1 may not be optimal, it is a natural
consequence resulting from the blowup analysisl(see lemma 4.1) and the fractional Sobolev

space regularity of the director field, i.e. d € W;{F (Qr) (see the section 5 below).
T

This paper is organized as follows. In section 2, we will derive both the global and local
energy inequality for smooth solutions of (1.2) and (1.3). In section 3, we will demonstrate the
construction of suitable weak solution. In section 4, we will prove the £p-regularity criteria for
the suitable weak solutions. In section 5, we will finish the proof of the theorem 1.1.

2. Global and local energy inequalities

In this section, we will derive both the global and local energy equalities for smooth solutions
to (1.2).

Lemma 2.1. Let (u,d) € C®(R? x [0,00), R? x R?) be a solution to the simplified Erick-
sen—Leslie system (1.2). Then it holds that

d 1
— [ = (juf +|Vd]*) + F(d)dx + / |Vul? + |Ad — f(d)[?dx = 0. (2.1)
d[ R3 2 R3

Proof. The proof is standard. See for instance [24, 25]. O

Lemma2.2. Let(u,d,P) € C*(R? x (0,00), R? x R?® x R) be a solution to (1.2). Then for
all0 < ¢ € CF(R® x (0, 00)), it holds

% B(ulz+lez)+F(d)]¢dx+/ (IVul* + |AdP + [f@)) ¢dx
R3 R?

— / Bmz +|VAP)@6 + Ag) + FMW} dx
R3

1
+/ [5 (|u2+2P)u~V¢+Vd®Vd:u®V¢} dx
R3
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’ /Rs (Vd © Vd — [Vd['L) : Vi(x, s)dx

+ /D§3S(M[Ad —f(d),d] : (u® V)(x, s)dx

+ /R} T.[Vu,d] - (Vé - Vd)(x, s)dx

_ /R (@) (V6 - Va2 /]R VI : Vo, s)d. 22)

Proof. Multiplying the u equation in (1.2) by u¢, integrating over R?, and by integration by
parts we obtain

d | B )
— — dx d
5 5P +/RJV“' 6 dx

-/, Buﬁ(a@ £ A0+ S (ul + 2P w} dx
— /R?(u -Vd) - Ado dx + /R;(u -Vad) - f(d)pdx
+ /RzSa[Ad —f(d),d]: (u® V) dx + /R3Sa[Ad — f(d),d] : Vuedx
2.3)
By taking derivatives of d equation in (1.2), we have
o,Vd +V(u-Vd) = V(Ad — f(d) + T,[Vu,d]).

Then multiplying this equation by Vd¢, integrating over R*, we get
d 1\Vd|2¢ dx + / |Ad|?¢ dx
df R3 2 R3
1
= / ~|Vd|* 0,0 + / (u-Vd) - (Ad¢ + Vo - Vd)dx
R3 2 R3
— / Ad- (V¢ - Vd)dx — / V(d)): Vde dx
R3 R3
— / T.[Vu,d] - (V¢ - Vd)dx — / To[Vu,d] - Ad¢dx. (2.4)
R3 R3

It follows from direct calculations that

1
—/ Ad~(V¢~Vd)dx:/ —|Vd|2A¢dx+/ (Vd o Vd — |Vd[’ L) : V¢ dx.
R3 ]R32 R3

(2.5)
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Moreover, multiplying the d equations by f(d)¢, integrating over R?, we get

% F(d)¢dX+/\f(d)|2¢dx=/ (F(d)0,¢ — (u-Vd) - f(d)¢)dx
R3 R3

+ / T,[Vu,d] - f(d)¢pdx — / (Vi) : Vdo¢ + (V¢ - Vd) - f(d))dx. (2.6)
R3 R3

Hence, by adding (2.3), (2.4) and (2.5) together, and applying (1.8), we get (1.7). O

3. Existence of suitable weak solutions

In this section, we will follow the same scheme in [3, 6] to construct a suitable weak solution
to (1.2).
We introduce the so-called retarded mollifier ¥y for f : R3 x Ry — R, with0 < 0 < 1,

1 -
Wilri0 = gz [ 1 (5.5) For= i = ndvar,

where
- fx,n >0,
flx,n=
0 t <0,

and the mollifying function n € C5°(R*) satisfies

n>0 and /ndxdtzl,
R4
sptn C {(x,0): [x]> <1, 1 <1 <2}.
It is easy to verify that for 0 € (0,1]and 0 < T < oo that

divWylul] =0 ifdiva=0,

sup/ \\Il(;[w]\z(x,t)dxéCsup/ |w\2(x,t)dx,
R3 R3

0<t<T 0<t<T

/ IVWy[w][*(x,)dxdt < C / |Vw|?(x, ) dx dr.
R3%[0,T] R3%[0,7]

Now with the mollifier Uy[w] € C*(R?*), we introduce the approximate system of (1.2):

o’ + Uy[u’]- vu’ + VP = Au’ — vV, [d?] - (Ad’ — £(d”))
—V - So[Ad’ — (@), Wy[d"]],
in R? x (0,7)
v =0,
9’ +u’ - VI, [d?] — T, [V, Ty[d?]] = Ad’ — £(d”).
3.1

subject to the initial and boundary condition (1.3).
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For a fixed large integer N > 1, set § = [, € (0,1], we want to find ’,d’, P?%) solv-
ing (3.1). This amounts to solving a coupling system of a Stokes-like system for u and a
semi-linear parabolic-like equation for d with smooth coefficients. For r € [0, f], we have
Tyu’] = \I/(;[de] = 0, and the system (3.1) reduces to a decoupled system

ou’ + VP! = Au’,
V-u’ =0,
in R? x [0, ]. (3.2)
o,d’ = Ad’ — £(d”),
w’,d")|_, = (uo.do)

which can be solved easily by the standard theory. Suppose now that the (3.1) has been
solved in ¢ € [0, k#] for some 0 < kK < N — 1. We are going to solve (3.1) in the time interval
[k6, (k + 1)#] with an initial data

(u,d)

= lim@’,d”)(,r» in R>. (3.3)
kO

1=k

Then one can solve the coupling system (3.1) using the Faedo—Galerkin method. In fact, for a
pair of smooth test functions (¢, ) € V x H*(R3,R?), the weak formulation for (3.1) reads

d u‘)-¢dx+/ (\Ife[u‘)]-Vu")-¢dx+/ Vo’ : Ve dx
dt R3 R3 R3
=— / (¢ - VUy[d?]) - (Ad? — £(d”))dx + / S.[Ad’ — £(d”), Uy[d?]]: Vo dx,
R3 R3
(3.4)
and d
vd?: Vi dx — / W’ - VU,d?]) - Ay dx
dr R3 R3
=— / (Ad? — £(d%)) - Ay dx — / T,[Vu’, Uy[d?]] - A dx. (3.5)
R3 R3

We can solve the ODE system (3.4)—(3.5) with test function (¢, ¢) chosen to be the basis of
V x H*(R3,IR3) up to a short time interval [k6, k + T]. Multiplying the u’ equation in (3.1)
by u’, and the d’ equation by —Ad’ + f(d’), integrating over R* and adding two equations
together we obtain

d 1(\11‘9\2+|Vd"\2)+F(d€)dx+/ (Ivu’[? + |Ad” — f@")*) dx = 0.
dt ]R32 R3

(3.6)

Next we need a uniform bound on (u’, d’, PY) to pass the limit § — 0 to get a suitable weak
solution. First by direct calculations we can show that

/ |Ad? — £(d%)?dx = / [|Ad’]? + [fd?)]> — 2Ad’ - £(d?)]dx
R3 R3

= / (|Ad?)? + |fd”)[> 4+ 2Vd’ : VE(d’))dx
R3
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:/ (|Ad?? + [fd”)|> — 2|Vd’)? + 2|Vd?|*|d’?
]R3

+ 4| (va®)"d’|*)dx. (3.7)

From (3.6), we can obtain that

T
sup sup/ (ju’> + |va’?) dx+/ / |Vu’|?
0<0<10<1<TJR3 0 JR3
+ |Ad? — £(d%)|*dx dr < C(up, do). (3.8)

Combining (3.7) and (3.8), we get

T T T
//\Ad9|2+\f(d9)|2dxdr</ / |Ad”—f(d")\2dxdr+2/ / (Va’|*dx dr
0 JR3 0 JR3 0 JR3

T
<//|Ad9—f(d9)\2dxdt+2Tsup \Vd’|?dx
0 JR3

0<t<TJR3

< C(ug, do, T), (3.9)

From (3.8) and (3.9), we have that u’ is uniformly bounded in L?H!(R3 x [0,T]),
d’ is uniformly bounded in L?H*(K x [0,T]) for any compact set K C R, and Vd’
is uniformly bounded in L2H!(R?® x [0, T]). Therefore, after passing to a subsequence, there
exist we LXL2 NL2H\(R® x [0,T]), d € NgooL®LA(Bg x [0,T]), Vd € LL> N L[2H]
(R3 x [0, T]) such that

u —~u in LXL> N L2 H (R x [0, T)),
vd’ — vd in LXL> N L2HN(R? x [0, T)), (3.10)
fd’) — fd)  in L2LA(R? x [0, T)).

30
By the Sobolev-interpolation inequality, we have that Vd’ € L/°LT,d’ € L!°L!°, and

T T
[ Ve < Va9 e < a4 < o
0 X 0
T T
/y|d€|\;?odt<c/ 18], s dr < oo, (3.11)
0 v 0 w1

By the lower semicontinuity and (3.6), we have, for E(u,d) = [33(|uf* + [Vd[* + F(d))dx,
that

E(u,d)(?) + / / (Vu)? + |Ad — f(d)*) dx dr < E(u, do) (3.12)
0 JR3

holds fora.e. 0 <t < T.
Now we want to estimate the pressure function P?. Taking the divergence of u’ equation in
(3.1) gives
—AP! = divi(Tglu’] @ u?) + div (V(Ty[d"]) - (Ad” — £(d")))
(3.13)
+ div? [S.[Ad” — £@”), Up[d"]]], in R’

3009
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For P, we claim that P’ in L3 (R3 x [0, T]) and

HPQHL%(]}@X[O - < C([|uol| 2@y, [|doll g1 3y, T), ¥ 0 € (0,1].

In fact, by Calderon—-Zgymund’s L”-theory, we have

0
||P ||L%(]R3><IO,TD

3
;L

<C [||\Ife[u9] ® u9||L5 s+ [[V(gld)) - (Ad” — @)

5 15
Lkt

+ [|[¥ora”) | Ad” — f(dﬂ)HLtgL?]
2
<[+ 90, A0 )

g0 = 8@

< C(||“HL,°°LEML,2H}(R3 x[0,T7)° d] |L,°°HX1 NL?HZ(R3 x [O,TJ))

< C(||u0||L2(R3)’ ||d0||H1(R3)’ 7).
This uniform estimate implies that there exists P € L3 (R? x [0, T]) such that as § — 0,
PP~ P in L%(]R3 x [0, T]). (3.14)
Recalling the u’ equation, we get
o’ = —Wy[u’]- vu’ — VP! + Au’ — V(T,[d]) - (Ad’ - £(@”))
— V- S,[Ad — £(@”), Uy[d’]]

€ LI®® % [0,T) + L3(0.7], WS ®) + (L0, 71, W2 (Bg)),

R>0
and

sup HB;u”H 5 5 s _
0<0<1 L3 R3x[0.T)+L3 ([0.T1W 3 (R3)-+L2([0.T1.W

< CR, T, |[uoll;2g3)» [1dol| 71 r3))-

13
"2 (BR))

Similarly, we can show

9.’ € LY®® x [0, 7)) + (LA(10. 71, L¥ (B)),

R>0
and
[0.a°]] 5 3
L3 ®3x[0,7)+ () L2([0.T1.L2 (Br))(R3 x[0,T])
R>0

< CR, T, [[uoll;2g3)s 1o 1 g3))-
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Hence by the Sobolev embedding and Aubin-Lions’ compactness lemma, we can conclude
that as 6§ — 0,

10

v —u in LP(R? x [0,T]),1 < py < 3

Vu’ — Vu in L*(R® x [0, T]),

d’—d in L”(R® x [0,T]),1 < p, < 10, (3.15)
10

vd’ — vd in LP(R® x [0,T]),1 < p; < 3

Vi’ — vid in L2(R® x [0, T)).

Furthermore, (u’, d’, P?) satisfies the local energy inequality. In fact, if we multiply the u’
equation in (3.1) by u’¢, take derivative of the d’ equation in (3.1) and multiply by Vd%,
multiply the d’ equation in (3.1) by f(d?), and perform calculations similar to the previous
section, we can get

% (0’ + |vd’]?) + F(d")] $dx + /3 (v’ + |Ad’? + [f@")[?) ¢ dx
R

- / BQU‘)P + Va0 + Ad) + F(d‘))atqs} dx
R3
{ 0’2 Ta’] - Vo + Pu’ - Vo + VIy[d'] o Vd’ :u’ @ Vol dx

+/ (Vd’ o vd’ — |Vd’1’L) : V¢ dx
R

)

+ / So[Ad? — £(d”), Ty[d?]]: (u’ @ Vp)dx + / T, [Vu’, Uy[d?]] - (V¢ - Vd¥)dx
R3 R3

— / fd’) - (Vo - vd')dx — 2 / Vi@’ : vd’dx.
R3 R3

(3.16)

With the convergence (3.14), (3.15), it is easy to check that the limit (u, d) is a weak solution
to (1.2) and (1.3). Taking the limit in (3.16) as § — 0, by the lower semicontinuity we obtain

/ B(|u|2+|w|2>+m>} 6(x, Dy + / / (Vul + |AdP + [fd))é dx ds
0 JR3

R3

L 1 90 912 0
< _
\hgnlnf/R} [2(|u |+ VA" |") + F(d") | ¢(x, )dx

+// (|Vu‘”+|Ad“+|f(d")|2)¢dxds].
0 JR3

(3.17)
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While
lim R.H.S. of (3.16)
6—0

_ /R 3 %(\u|2 + VAP0 + Ad) + Fd)d,o dx
+/R} B (Ju? +2P)u - Vé+Vd o Vd:u® V| dx
+ /R (Vd© Vd - [VaPE) : Vi dx (3.18)
+ /R SalAd —f(d).d]: (u® V¢)dx
+ /R TVu.d] (V6 Vd)dx

—/ f(d) - (V¢ - Vd)dx — 2/ Vi(d) : Vde dx.
R3 R3

Putting all those together we show that the local energy inequality (1.7) holds. Therefore
(u,d, P) is a suitable weak solution to (1.2) and (1.3).

4. =9-Regularity criteria

In this section we will establish the partial regularity for suitable weak solutions (u, d, P) of
(1.2) in R? x (0, 00). The argument is based on a blowing up argument, motivated by that of
Lin [18] on the Navier—Stokes equation. Recently, this type of argument has been employed
by Du—Hu—Wang [6] for the partial regularity in the co-rotational Beris—Edwards system
in dimension three. However, the kinematic transport effects in (1.2) destroy the maximum
principle for d, which is necessary to apply the argument by [6, 18]. To overcome this new
difficulty, we adapt some ideas from Giaquinta—Giusti [10] to control the mean oscillation of
d in L°. More precisely, we have

Lemma 4.1. For any M > 0, there exist ¢y = o(M) >0, 0 < 7o(M) < L, and Cy = Cy
(M) > 0, such that if (u, d, P) is a suitable weak solution of (1.2) in R3 x (0, 00), which satisfies,
for zo = (xo,10) € R x (12, 00) and r > 0,

dy | = ‘ f ddrdi| < M, @.1)
PV(ZO)
and
5 2
D(zp,7) 1= r_z/ (Juf + |Vd]’) dxdr + (r_3/ |P|2dx dt)
Pr(z0) Pr(zg)
1 4.2)
2
+ (f |d —d,,|°dx dt) <&y
Pr(z0)
then
1
(20, Tor) < 5 max {®(z0,7), Cor’} . (4.3)
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Remark 4.2. In the absence of maximum principle for the director field d, the L®-norm
of the mean oscillation of d plays the role in obtaining the (local) boundedness of (u, Vd) €
L*I2 N L2H] in (4.15). By closely examining the proof of lemma 4.1, the L%-norm can be
relaxed to the LP-norm of the mean oscillation of d as long as p > 5. However, this does not
seem to improve the estimate of the dimension of the singular set > of (u, Vd), since we can

1
only obtain d € W;{)Z, which can yield the boundedness of L% -norm of the mean oscillation
T
of d (see (5.4) below).

Proof. We prove it by contradiction. Suppose that the conclusion were false. Then there
exists My > 0 such that for any 7 € (0, %), there exist ¢;, —+ 0,C; — oo, and r; > 0, and
zi = (x;,1;) € R® x (17, 00) such that

d.,..| < My, (4.4)
and

D(zi,ri) =€, (4.5)
but

1

O(z,717) 2 3 max {6?, C,-r?} . (4.6)

Notice that
2
(1) 72 (Juf +[Vd]’) dxdr + (Tri)_z/ |P|3dxdt
PTVI' () PTVI' ()

N

2
w [ ulvapyaxas (2 piaar) ).
Pri(zi) Pri (z1)

1

2
f ld—d,,,|°dxdt | < (25
]P‘rrl-(zi)
1

2
= (25 d-d,,,)dxde|® +2° f |d—d,,,|°dx dt)
PTri(Zi)

7ri(z;)

1

2
dZi’Tri - dzluri ‘6 + 25% |d - dZiJi ‘6dx dt)
Tri(z;)

1 1
2 2
< zﬁf d—d., [0dxdr| <2°72 f d—d.,|°| .
Prri(zi) Prizp
From (4.6), we see that
Cir! <20z, 7r) < 2 max {74,273 L @iz m)

_ _5
=2 max{T 423 7}63

i

so that

=

23
< ’ — 0. 4.7

2C; max {7"4, 23773 }
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Define the blowing-up sequence
(w;,d;, Py) = (rill, d, r,-zP) (+rix,ti 4+ i), Vx e R 1> —1,

and

(@4, P)(0) = (5 dd ’i) (@), ¥ 26,1 € P1(0),

Ei Ei Ei

where
ai = f' d,‘ dx dr.
P1(0)
Then (u;, d, P;) satisfies

f a,‘ dxdt =0, ‘az| = |dz,-,r," < Mo,
Py(0)

2
/ (\ﬁ,-\3+|va,.|3)dxdt+ (/ f’,-%dxdt>
P1(0) / P,(0)
~ 2
+ (f |di‘6dx dt) =1, “8)
P1(0) 2
7’2/ (\ﬁiP + \V&,P) dxdr + (H/ P2 dx dt)
P7(0) P.(0)
; 3
~ ~ 6 2 1 ri
+(f |dz - (di)(),'r" dxdt) > — max 1’C1<_> .
P (0) 2 &

It follows from (4.4), (4.5) that

f |d;[®dxdr < C (f |d; — d;|°dx dr + |E,-6> <C(f+M),
P1(0) P1(0)

F(d;)?dx dr < Cf [di|> = 1Pdxdr < C(f + MG + 1),
P1(0) P1(0)

f f(d)|*dxdr < C (f |d;|°dx dr + 1) < C(e8 + M§ + 1),
Py (0) Py (0)

f |0af(d;)dx dr < C (f |d;[®dx dr + 1) < C(E8 + M§ + 1).
P1(0) P1(0)

4.9)
Furthermore, (u;, &,-, TDi) is a suitable weak solution of the blowing-up version of (1.2):
Btﬁ,» + Eiﬁ,' . Vﬁ, + VI/SI
~ ~ P ~ 7
=Au; —Vd; - Ad; + +Vd; - f(d,)) — V- S, [Adi — Lf(d)), d,] ,
Ei €i (4.10)

diva; =0,

R R SR
0d; + £, - Vd; — T, [V, d,] = Ad; — gf(di).
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From (4.8), we assume that there exists
W,d, P) € L(Py(0)) x LW3(P1(0)) x L3 (P,(0)) (4.11)

such that, after passing to a subsequence,

@.di,P) = @d,P) in L*(P1(0) x LWI(P1(0)) x L3 (Py(0)).
It follows from (4.8) and the lower semicontinuity that

o~ —~ 2 ~ 2
/ (|ﬁ\3+|Vd|3) drdr+ (/ Pidxdt) + (f d6dxdt> <1
Py (0) Py(0) Py(0)

(4.12)
We claim that
H“iHL?CL%mL?H}(P%(o» + de L HIALZHE | 0) S C<oo (4.13)
2
We choose a cut-off function ¢ € Ci°(P;(0)) such that
0<¢<Lg=1 onPy©), and [9¢+|Ve|+ V2| < C.
Define
—X; —1
qs,-(x,t)::qs(x S ) YV (x,1) € R® x (0, 00).
ri r;
Replacing ¢ by ¢? in (1.7), by Young’s inequality we can show
sup / (Ju]* + |Vd[]* + F(@)) ¢} dx
-Gy 1D
+ / (IVul* + [Ad]* + [f(@)[*) ¢7 dx dr
Pri(zi)
<C [ / (Ju” + [VAP)|(@, + D)7 | + F(@)[0,67|dx di
FrileD) (4.14)

+ / (uf* + |Vd[ + |P)|u][ V2 |dx dr
Pri(zi)

+ / APIPIVEP + R |VAP Ve Pdx dr
Pri(zi)

+/ VA V2(¢D)] + | Vil?) + |Oaf(d)|| VA > ¢} dx dr | .
Pri(zi)
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By rescaling and using the estimates (4.7), (4.8), and (4.9), we can show that

sup / (Iﬁi\2 + |v&,-\2) dx + / <|Vﬁ,-\2 + |V28,-\2) dx dt
B1(0) 1
3

1
—3s1<0 3

~ 2
< C/ |:<|ﬁi2 + \Vd,‘\z) + r’ZF(d,-)} dx dr
P1(0) €
+C5i/ (ﬁi2+ Vai2+ ?’,-)ﬁ,-dxdt
PI(O)\ "+ [Vdil” + [Pi])]ui] “.15)
e[ aPEP+ APV
P1(0)

+c/)\vaf+wﬂV&ﬂ%ﬂ¢Whm
P1(0)

<C.
This yields (4.13). Hence we may assume that

@,d) = @.d) in LFH(Py(0) x LTHI (P, (0). (4.16)

From % — 0 and | d;dx dt| < My, we have
h P1(0)

f d;dxdr| < f (d, — f d,) dxdt| + ’f d;dx dt
IP’%(0) ]P% 0) P1(0) P1(0)

1
_ 6
<C<f |d,—d,6dxdt> +M()<C€,+M()<C
P1(0)

Thus by the same interpolation as in (3.11), we have

”diHLlO(JP’%(O)) <G,
f [f(d))| ¥ dxdr < C.
Py (0)
2
f d; © fdy)Fdxdr < €
Py (0)
2
f F(d)3dxdr < C,
Py (0)
2
and there exists a constant d € R?, with |[d| < My, such that, after passing to subsequence,
ai — a,

d;,—>d in Lé(P%(O)),
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and

r? .10
i)~ 0 in L¥(P)(0)),

2
fdy@di -0 inL3@, ).
E; 2
4.17)

r2 5
g @) =0 inLi®,,),
Ei 2

r? s

EF(d,) —0 in L2 (P%(O))'

Hence (4,d, P) : P ! (0) = R? x R? x R solves the linear system:
i+ VP — Al = —V - S,[Ad, d],
(4.18)

diva = 0,

ata - Aa - T(M[Vﬁ’ a]

By lemma 43 and (4.12), we have that (@,d) € C*(P)), P € L (— [,0] ,COO(B%(O)))

satisfies

2
7—2/ (\ﬁP + \V&P) dxdr+ <T—2/ |ﬁ|%dxdz>
P, (0) Pr(0)
2

<CT3/ (|ﬁ\3+|v8\3)dxdt+/ Pl3dxdr (4.19)
]P’%(O) ]P’%(O)

1
<CP, Vre <0,8>.

and Jag € (0, 1) such that

1

1
~ o~ 2 ~ 1
(f |d — do,|°dx dt) <C f |d|®dxde | 7% < CP™, VT e (0, —) :
P (0) Py 8
2

(4.20)
‘We now claim that
U, Vd) — @ Vd)  in L3(P5(0)),
( ) —( ) ( %( ) @21

d —d in L(P3(0)).
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In fact, from the equation for u; and &,- in (4.10) we can conclude that

[teigl <G

6 6 3 _,3
LD2H ' LY L3 +L2 W, "2 (@ 3(0)

8
and

d; <C. .
\|a,d,||L%(P%(O)) <C (4.22)

Thus (4.21) follows from Aubin—Lions’ compactness Lemma. This implies that for any 7 €
0,1,

7'72/ (\ﬁ,|3+|Va,|3) dxdl:Tiz/
P-(0) P

<Cr+ 7_20(1),

([af + |Vd]>) dx dr + 7 20(1)
0)

r

1

e -~ 2
( f |d; — (d;)o,|°dx dt) < C3% 4 o(1), (4.23)
P7(0)

where lim;_,,,0(1) = 0. R
Now we need to estimate the pressure P;. By taking divergence of the u; equation in (4.18)
we see that

~ PN ~ ~ 1~ 2
—AP,- =&; diV2 |:ll,' Xu; + Vd,’ O) Vdi — <ZVd,'2 + ;F(d,)) 13:|
~ 2
+ div* S, {Adi — jf(di), d,] in Bj. (4.24)
We claim that

7—2/ Pi2dx dt < Cr + C7 2 + o(1)). (4.25)
Pr(0)

Since Sa[Aai, d;] does not necessarily have a small [*-norm in P 1 (0), to achieve (4.25) we

will show the following strong convergence in L’:
(Vi;, Ad) = (VB, Ad) in 27 (P4(0)) (4.26)

In order to prove (4.26), first observe that by subtracting the equation (4.10) from the
equations (4.18), we see that

@, d;, P,) = (ﬁi —d,d —d,P, — 13)
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solves the following system of equations in P ! 0):

2
8;&,‘ — Aﬁ, + VP, = —E,’ﬁ,’ . Vﬁ, — E,’Vd,‘ . Ad, + ;—IVd, . f(d,)
~ 2 ~_
~V S, [Ad,- ~ @), d,] + V- So[Ad.dl,
i (4.27)

div ﬁ,‘ = 0,

S R R o
8,d,- — Ad, = —&u; - Vd, — &‘_lf(dl) + Ta[Vu,-,d,»] — Ta[Vu, d]

Since (u,, d,, P; ;) is a suitable weak solution of (4.10) and lemma 4.3 guarantees the smoothness
of (u, d P) it is not hard to see that (4.27) also enjoys a local energy inequality which leads to
(4.26). In fact, multiplying the u; equation by u;¢, and vd; equation by Vd,¢, integrating the
resulting equation over R x [0, T], and applying the integration by parts, we obtain that

t
/ [P oCx, Hdx + 2 / / IV 2 dx ds
R} 0 JR3

t
< / / 06 + A) drds
0 JR3
t
+ / / [6i‘ﬁ,‘|2ﬁ,‘ . V¢ + 26,'(&,‘ . Vﬁ,) . ﬁ¢ + ZP,ﬁ,‘ . v¢] dxds
0 JR3
t N N 2
+ 2/ (—<€in,‘ . Ad, . (ﬁ, - ﬁ)¢ + de, . f(d,) . ﬁ,¢) dxds
0 JR3 i

t
Solf(dy), di] : (Vuip +u; @ Vo) dx ds
R3

42 / / (Sa[Aa,-, di] — S.[Ad, a]) : (Viip — Vg + ; ® Vo) dxds,
0 JR3
(4.28)

and

1
/|Vdi|2¢(x,t)dx+2// |Ad,|*¢ dx ds
R3 0 JR3

t ~
0 JR3

f(d;) - (Ad; + V¢ - Vd,) dx ds
R3

1 ~
—2 / / [TV, 4] - T,[Vadl] - (Adig — Adg + Vo - Vd, ) drds. (4.29)
0 Jr
Recall that

1 t
/ / S.[Ad;, d;] : Vupdx dr = / / T,[Vu;, d;] - Ad;¢ dx dt, (4.30)
0 JR3 0 JR3

t t
// Sa[Ad,a]:Vﬁqﬁdxdt:// T.[Vu,d]: Adgddr. 4.31)
0 JR3 0 JR3
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Therefore we can add (4.28) and (4.29) to obtain that
t
/ (WP + [Vd:P)d(x, ndx + 2/ / (\Vﬁ,»|2 + \Ad,-\z) ddxds
R3 0 JRr3
t o~
<[ [ @R+ vapy@0+ a0
0 JR3
+ (eGP0 + 2P - Vo + 26, - Vi) - ﬁqﬁ} dx ds
t o~
+ 2/ / <€in,' . Ad, . ﬁd) — &‘,il\,‘ . Vd, . Ad¢ + 26iﬁ,‘ . Vd, . (V¢ . Vd,) dxds
0 JR3
217 [ 5 3
il / / vd; - f(d;) - U6 + £(d,) - (Ad,-qs LV Vdi) dxds
g Jo Jr3
272 (1 - -
-2 [ seinan.an: o+ 5 Voraras Wi
t
+ 2/ / S.[Ad;, d;]: (W; ® Vo — Vug) dx ds
0 JR3
t ~ o~
) / / T,[Vi, d;] - (Vo - Vd; — Adg)dx ds
0 JR3
t
— 2/ / S.[Ad, d] : (VO;¢ + 10; @ V) dxds
0 JR3
t o~
2 / / T,[Va,d] - (Adip + Ve - Vd,) dx ds
0 JR3

8
=Y L)
k=1

From the convergence (4.16), we know that

lim|| @, V) =0,
i—00 L3(P3(0))
8

P,—0 in L%(}P’%(O)),
(Vi V2d)) = (0.0)  in L2(P;(0)).
This, together with (4.17), implies that as i — oo, 22:1116 — 0and
1

Is — —2/ / S.[Ad,d] : Vugdxds

0 JR3

t
I — 2 / / T,[Vu,d] - Adepdx ds

3
0 jR (4.33)

I — —z/ / S.[Ad,d] : Vg dx ds

0 JR3

t
18—>2// T,[Vu,d] : Ad¢dxds,
0 JR3
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Therefore
8 t . -
> L) —4 / / T,[Va,d] : Ad¢ — S.[Ad,d] : Vigdxds = 0,
k=1 0 JR?

and (4.26) holds.
Letn € CSO(B%(O)) be such thatn = 1 inBl%(O),O < 7 < 1. For any —(%)2 < t <0, define

P¢,0: R — Rby

PO (x, 1) = / V3G(x —y) {em {ﬁi ® 1+ Vd; ® Vd,
R3
2

lnn P .
- <2|Vd,» + ’zF(di)> 13] — —[Sa[f(dy), di]]
E; Ei

+ {S”[Aai, d;] — S.[Ad, H]} } (. dy, (4.34)
and PP (-, 1) = (P; — P{")(-,1). Then
—APY = div’ S.[Ad,d] in B (0). (4.35)

For IA’EI), by the Calderon—Zgymund theory we have that

2
POy <cle [ 1an? d||2 5 F@y)]| -
[|P; ‘|L§(R3) X Ei HulHL3(B%(O)) +V IHL3(B%(O)) + glzu ( :)HL%(B%(O))

2
i ~ ~ —
+ [l dil + [1SalAdy, di] — Sa[Ad. d]|

3 3
L7(B%(0)) L7(B§(0))]

<C

2
<12 q.112 ri
Ei <||ui||L3(B%(O)) + HVdi”ﬁ(B%(O)) + 5_%||F(di)|L%(B%(0))>

2
r; ~ ~
+ ;|Hf(di)||di||| + HdiHLG(Bé(()))HAdi - Ad”LZ(BQ(O))
i 8 8

3
L2(B 3 ()

+ Hdi - a||L6(B§(0))||AdHL2(B§(0)) (4.36)
8 8

Hence we have

1P < C(ei + o(1)). (4.37)

3
L2(P 1 ()
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From the standard theory on linear elliptic equations, 1352) € C®B H (0)) satisfies that for any

O<T<§,

-~ 3
7-2/ PP |2dx < Cr / P2 dxdt+\|v3d\|m)9 )
Pr(0) P o (0) 2O

I L (4.38)
<Cr / (|Pi]2 + [P7]D) dxdt + [Vl fcp , (o))
Py (0) 32

< C1(1 +¢; 4+ o(1)).

Combining (4.37) with (4.38) yields (4.25). It follows from (4.23) and (4.25) that there exist
sufficiently small 7 € (0, ﬁ) and sufficiently large iy, depending on 7, such that for any i > i,

it holds that
70—2/ ([0 + |Vdi|?) dx dr + 70—2/ \13,»|%dxdt
P, (0) P, (0)

1

2
S 4 1
+ f |d; — () 0l°dxdr | < -.
Pr, (0) 4

This contradicts (4.8). The proof of lemma 4.1 is completed. ([

3
2

Now we will establish the smoothness of the limit equation (4.18) in the following lemma.
Lemmad4.3. Assume that (6, d) € (L*L2 N LHD)(P(0) x (LFH} 0 LPHY) (Py) and Pe

L%(IP’ 1 (0)) is a weak solution of the linear system (4.18), then (U, &) e C®(P 1 (0)), and the
following estimate

[ (e VAR P ardr < ot [ (P4 [VAF 4 Pl dxar
P~ (0) 0

(4.39)

holds for any T € (0, %).

Proof. The smoothness of the limit equation (4.18) doesn’t follow from the standard theory
of linear equations, since the source term of u equations involve terms depending on the third
order derivatives of d. It is based on higher order energy methods, for which the cancellation
property, as in the derivation of local energy inequality for suitable weak solution to (1.2), plays
a critical role. This strategy has been adapted by Huang—Lin—Wang in [11, lemma 3.2] for the
full Ericksen—Leslie system in 2D. However, it is more delicate here due to the low temporal
integrability of pressure. To address this issue, we split the pressure into two parts PO and P@,
where P(l) solves the Poisson equation involving Ad which belongs to L2, and P, while is
only L3 in time, is harmonic in space. In fact, if we take the divergence of the equation (4.18);,
then we have P satisfies the following Poisson equation:

—AP = div?S,[Ad,d] in P,. (4.40)
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Now let ¢ € CSO(B%(O)) be a cut-off function ofB%(O), ie.,( =1lon B%(O), 0 < ¢ < 1. Define

PG )R = R,

PO, 1) = / V2G(x — YCOISA[AD, Ay, 1)y,
]R3

and PA(-, 1) := (P — PD)(-, 1). For P, by Calderon—Zygmund’s singular integral estimate we

have

H?’“)(-, )

< CHAE<-,z)

1<t<0
2R3 L2<Bl>, 4 = 7

2

Hence we can integrate the inequality above in time to get

/\TD(”|2dxdt<C/ |Ad|?dx dr.
P P

1 1
2 2

For P?, it is easy to see that
~APP =0 inB;.

By the standard regularity theory of harmonic function we have

/ \Vlﬁ@)\%dxdtgc/ IP|3 dx dr
Ps Ps3
16 8

<c/| (P +|PV3)dxdr

Ps
8

<C |T>|%dxdt+c/ PV 2dxdt + C
Py Py
2 2

<C |T>|%dxdt+c/ |AdPdxde+C, 1
Py
2

Py
2

Taking % of the linear equation (4.18) yields

Oy, + VP, — Ali,, = —V - S,[Ad. d],,
V-u, =0,
od,, — Ad,, = T,[Vi, d],,.
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For any n € C3°(B H ), multiplying the equation (4.44); by u,,n* and the v&x,. equation from

(4.44); by v&x,. n* and integrating the resulting equations over B 5, we obtain’

d . .
— V> ndx + 2/ |V2d[*n*dx
dr Bs Bs
16 16

2/ [Pu, V0P - Vi, @ Vo

%
+2 / [Sa[Ad, d],, : Gy, @ V() + Sa[Ad, d],, : Vii,n*]dx.
5

d 2312,2 312, 2
— |V-d|"n°dx +2 |AVd|*n~ dx
dr Jp B

5
16 i6

_ / V,Vd, : Vd, @ V,(})dx
B

1

S

—2 / T, [V, dly, - VA, V,(7%) + To[ VU, d],, - Ad 7 dx.
Bs

16

Once again, we have the cancellation

/ [S.[Ad,d],, : VO, > — T,[V,d],, - Ad,n*]dx
B
= / [S.[Ad,,, d] : V7> — To[Viiy,d] - Ad,,n]dx = 0.
B
Now we add (4.45) and (4.46) together to get

d ~2 2312 .2 2512 312 .2
il (IVaP + [V2dP) 2 dx + N (1% + |AVdP) 72 de

16 16

-2 / [V, : i, ®@ V(?) + V,Vd,, : Vd,, @ V,()]dx
Bs

16

+2 / [S.[Ad,,. @) 6, @ VOP) — T,[Vi,. d] - V,d, V0P
B s

16

= 11 %—Ij %-13.

I Strictly speaking, we need to take finite quotient D,’; of (4.18) (j = 1,2,3) and then sending 7 — 0.
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We have the following estimates:

nf<2) [ PPy, VP + PR, - V) )dx| +2 / U (POV())ydx
Bs

16
1 N . .
< 1 [ vapides c / (VAP + VP V)
32 B B,
2

16

+ c/ POPdx+C [ (af + VP22 4 [V2P?|2)dx.
sptn

sptn

I _ N _ N
TARS —/ (Iv%6F + |AVdP) rPdx + c/ (IVaP + [V2dP) |V,
16 Bi Bi

16 16

1 N ~ N ~
< L / (1726 + |AVaP) pPar + € / (IVaP + 92 |V Pr.
16 Bi Bi

16 16

Putting these estimates into (4.47), we obtain

d - ~ ~ ~
5] avar e vEaRrars [ (VR VAR
drJp g Bs

16 16

< (VAP + VAP + [POP + [0 + VP23 + [V2PP|7)dx.

sptn

(4.48)

By Fubini’s theorem, there exists 7. € [—()% — (5

16 3—2)2] such that

16

/ (\VGF + |v2a\2) 7 (t)dx < 100/ (VA + [V2d)>)n? dx dr.
B s Ps
16

Integrating (4.48) for r € [¢., 0] yields that

sup (VP + |V2dP)r(dx + / o (V3 + [V3dPyp dxdr
() w0 () ooy

0
< c/ (VA2 + V212 + PO + [GF + [VP?)? + V2P dx dr
1

—zJsptn

+ c/ (VA + |V2d|>)nPdx dr
P

5
<cf
P,

16

/N

VAP + V2P + 6 + |T>\%) dxdr+ C.

[N

(4.49)
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For the pressure P, taking divergence of the equation (4.18); yields that for any —% <1 <0,

~AP,, = div’ S,[Ad.d];, inBs. (4.50)
‘We have
\Vﬁ|%dxdt < C/ (|Sa[Aa,H]xi|% + \13|%) dx dr
Py Po
4 32
~3 ~3

<C/P (IV3d\2+|P|z)dxdt “5D)

9

32

< c/ IV3d|dx dr + c/ P|2dxdr + C.
P

2
32

3

=]
Ble

Now let 7 be a cut-off function ofB% ,i.e,n=1lin B% . Then, by combining (4.49) and (4.51),
we obtain

sup [ (VEP+ [VdPdx +/ (V6 + [vd + (VP[?) drar
(1) <=0’y i

<cf (0 +IVaP + 1vaP + PR axar
Py

2

(4.52)

It turns out that we can extend the energy method above to arbitary order. Here we sketch the
proof. For nonnegative multiple indices 3,~ and d such that v = 5 + ¢ and ¢ is of order I,
|3| = k, then (V 1, V7d, V7P) satisfies

(V) + V(VPP) — A(V) = -V - S,[AV?d), d],
div(V%) = 0, (4.53)

8(V'd) — A(V'd) = T,[V(V'0),d].

By differentiating (P, P?) (k — 1) times we can estimate

P,
2

(VPO Pdx dr < c/ (V| dx dr, (4.54)
Py
2

and

/ |v’ﬁ<2)|%dxdt<c/ \Vk’1ﬁ|%dxdt+C/ IV ddxdi+C, 1=k k+ 1.
P s Py Py
16 2 2

(4.55)
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Multiplying (4.53); by (V@)1 and (4.53); by (V”’d)n and integrating the resulting equations
over B, and by the same calculation and cancellation, we obtain

/ (IV*G)? + [VEHd P dx+/ (V12 + [VAH2d)P)n? dx
5
16

S C/ (‘Vkﬁ|2 4 |vk+la|2 + |vk—lﬁ(l)‘2 4 ‘Vk_lﬁp
B s

& (4.56)
+ VPR 4 |v’<+1?)<2>|%) dx
< / (\v" U2 + |VEH 4 |V (VR TP) )dxdt+C.
"3
For P, since
~A(V’P) = div? S, [A(V 0),d] in Bs. (4.57)
we have
/ \Vkﬁ\%dxdrgc/ \Vk+2&|%dxdz+c/ V< P|2dx dr
Py Po Po
? z (4.58)

<c/ \vk+2&|2dxdt+c/ V<1 P|3dxdr + C.
Po Po

32 32

By choosing suitable 7, as above, we can integrate (4.56) in ¢ to get

sup (VK] + [V Pyde + [ ((VEHa)? + [VEY2d)?) deds
7(2)2<t<0 By Py
32 AN 32 32
< C/ (|vkﬁ\2 + VAP + VP |vk*1f>\%) dxdr+ C.
P,

(4.59)

Thus, we get
sup (IVFEP + [ VA 1d]?)dx
1?2 B
-(4) <=0

/ |v’<+1 2 4 |VE2AR + |VEP)2 )dxdt

<],

(4.60)

-P\

\vk IGP & VA2 4 VAP 4 VP )dxdt+C.

MI—
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From Sobolev’s interpolation inequality, we have

6

/IP] (V¥ uPdxdr < CHVk_lﬁHL?%%(P%
2

) + c/ (Va2 + [VAaH) dxdr.
Py
2

Substituting this inequality in (4.60) and by suitable adjusting of the radius, we can show that

sup / (VA2 + [V d)P)dx
O R

+/ (V515 + V8P + VP ) dxar 60
Py

N

<C <|(ﬁ, VH)HL;OL%OL,ZH% (PQ, ||IA’||L% (%)) .

2

With (4.61), we can apply the regularity for both the linear Stokes equations and the linear heat
equation (cf [16, 21]) to conclude that (u, d) € C*(P 1 ). Furthermore, applying the elliptic esti-
mate for the pressure equation (4.40), we see that PeC® (P 1 ). Therefore (u, &, ?’) e C®(P ! )
and the estimate (4.39) holds. The proof is completed. (]

The oscillation lemma admits the following iterations.

Lemma 4.4. Let (u,d, P), M, co(M), T7o(M), Co(M), 29 be as in lemma 4.1. Then there exist
ro = ro(M),e1 = €1(M) > 0 such that for 0 < r < ro, if

M

|dz.| < > P(z,1) < 7,

then forany k = 1,2, ..., we have

|d.

207 r|

gM’

Oz, 78 ') < £}

€1 (4.62)

N | — //\

D(z0, 747) < = max {P(z0, 7y '7), Colrg ')’}
Proof. We prove it by an induction on k. By translational invariance we may assume that
zo = 0, and we abbreviate dy , to d, for simplicity.

For k = 1, the conclusion follows from lemma 4.1, if we choose ¢; such that ¢; < ¢¢. Sup-
pose the conclusion is true for all k < ko, k9 > 1, we show it remains true for k = kg + 1. By
the inductive hypothesis

|d-ré"1r| <M,

0,75 'r) < &7,
1

1
(0, 74r) < = max { (0,75 '), Co(ry ')’} < 5 max {el, oy ')}

S}
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forall k < kg. Thus,

(0, 7yr) < - max {®(0, 75"'r), Co(ry 1)}

/N

= N =

N

Cor?
k Y
<2 max{@(O,V),l_zTg}

Then

£
N—

+

0|

1
Corg 3
ma , )
B D =

If we choose sufficiently small ryg = ro(M), e, = €1(M), we see

1—2°%

|d‘<0|<M’
Tor

B0, 7,°r) < &3 < .
It follows directly from lemma 4.1 with r replaced by 757 that

(0,75 'r) < 5 max {®(0, 75r), Co(rgr)*} .

N —

This completes the proof.

1
max { 5 max {0, 757%r), Co(rg 1)}, Co(7y

r7)

O

The local boundedness of the solutions can be obtained by utilizing the Riesz potential

estimates between Morrey spaces as in the following lemma.

Lemma 4.5. Forany M > 0, there exists €, > 0, depending on M, such that if (u,d, P) is a
suitable weak solution of (1.2) in R? x (0, 00), which satisfies, for zo = (xo, 1) € R? x (r(z), o0)

|d_, | < and  ®(z0,10) < 3,

Z&
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then for any 1 < p < oo, (u, Vd) € LP(P%(ZO)), de C"(P%O(ZO)) and

ldf <M in PC%(ZO), [d]cﬁ(]}rro @) < C(0,M)(g1 + ro)- (4.64)
0 V), ) < CPMIE+10) (4.65)

where € is the constant in lemma 4.4.

Proof. Lete, = min{(%) ,2’%61(M)}. For any z € Py (20).

|dz,’70‘ < |dz,’70 - dzo,"o| + |d107ro|

<f d—d \+M< +M<M
< —dg — <&+ —< .
Pro(é) o 4 4 2

Meanwhile,

f [d—d_r|°dxds
]P’rTO(Z) 2

o=

‘d d’O rO‘()dx dt+ 25‘d40 o dz,r—o‘()
Pro(z) :
1
2
z'° dzO,,.0|6dxdr+25/ |d—d,,,|°dxds
Pro(ZO) Pry
2@

1

2
<27 f |d—d,,,[0dxdr ] |
PVO(ZO)

Hence we get that

) (z, LZO) 27 B(z9.70) < 27 & <&
Then we deduce from lemma 4.4 that forany k = 1,2,.. .,

|d_in| <M
37 2

P (Z,Té‘%o) < % max{@ (Z,Té‘ 12) C( r)3}.

By Lebesgue’s differentiation theorem, we have |d| < M a.e. in ]P’ro (z0). Furthermore, we have

k C 3
(2707 ) <27 max Q(z,r—o), ot
2 2) 1=

(4.66)

Therefore for 6y = 3‘11‘:11 €0, D). itholds forany 0 < s < 2 andz € Py (20),
5\ 3%
d(z,5) < C(ry + s§)<r—> . (4.67)
0
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By the Campanato theory, d € C?(P % (20)) and (4.65) holds. Now for ¢ € C5°(P 0 )(z0), from
(2.3) and (2.4) we can derive the following local energy inequality:

1/ (\u|2+\VdI2)¢(x,t)dx+// (|Vu)® + |Ad*)¢(x, s) dx ds
2 R3 0 R3
< [ 00+ VAP0 + Ao dxds
0 Jr32
+//3 B(u|2+2P)u-V¢+Vd®Vd:u®V¢ (x,s)dxds
0 JR
t r3
+// (Vd © Vd — |Vd|’I3) : VZ(x, s) dx ds
0 JR
+ / / [So[Ad,d] :u® Ve + T,[Vu,d] - (V¢ - Vd)](x,s)dx ds
0 JR3
+// V - S, [f(d),d] - uop(x, s) dx ds
0 JR3

+ / / (u-Vd) - f(d)p(x,s)dx ds — / / VE(d) : Vdo(x, s) dx ds.
0 JR3 0 JR3
(4.68)

Let ¢ € C°(IP24(z)) be a cut-off function of Py(z). Replacing ¢ by #* in (4.68), we can show
that for 0 < s < 2,

sTH (IVu]* + |Ad]P) dx dr
Py(z)

<C {(zsﬁ/ (Juf* + |Vd[*) dx dt
Py(2)
’ (4.69)

+(25)2 (|u\3 +vdP + |P|%) dx dt]
Pas(2)

s 26,
<a@+ﬁ(m>.

Now we are ready to perform the Riesz potential estimate. For any open set U C R? x R,
1 < p < 00, define the Morrey space M»(U) by

MPNU) = {f € L) : | fllypay = Sup r*—S/P )\f\”dx dr < oo}.
r(Z

zeU,r>0

It follows from (4.67) and (4.69) that there exists o € (0, 1) such that
(0, Vd) € M0 (Py () ), P e M3 (Py (a)),
(Vu, V2d) € M2 (P (an))
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Write d equation in (1.2) as

8d — Ad = —u-Vd + T,[Vu,d] — f(d) € M331-) (]P’%o(zo)) . @70)
Letn € CF(R*) be such that 0 < n < 1,7 = 1in }P’%o(zo), |Om| + |V?n| < Cri. Setw = 1?
(d—d_ ). Then

oW — Aw=F, F=120d— Ad)+ ©@n* — An?) (d - dzoy%o) — 2V - V.
4.71)

We can check that F € M33(1-)(R*) and satisfies

¥l < C(ro + €1). (4.72)

M%,3(17a)(R4)
Let I" denote the heat kernel in R?. Then
|VI(x, )] < C5*((x,1),(0,0)),Y(x,1) # (0,0),

where d(-, -) denotes the parabolic distance on R*. By the Duhamel formula, we have that

wix, 0] < / / IVD(x — y,1 = 9)||FO.9)ldyds < CL(FDGr 1), (473)
0 JR3

where Zj is the parabolic Riesz potential of order /5 on R*, 0 < 8 < 5, defined by

lg(y, s)|

———dyds, V c LA(RY.
o 30, sy Y s T 8 € LD

Zs(®)(x,1) =

3

Applying the Riesz potential estimates [12], we conclude that Vw € M 1(1:2::)’3(1_“)(R4) and

L < < . .
HVWHM%.M*M(W) < CHFHM%J“’“’)(R“) < C(rg+ 1) 4.74)
Since limaT ! % = 00, we conclude that for any 1 < p < 0o, Vw € LP(IP,(z0)) and

HVW”LP(IP’rO @y S C(p)(ro +&1)-
2

Since d — w solves
od—w)—Ad—w)=0 in IP)%O(zo)’

it follows from the theory of heat equations that V(d — w) € L>(P 0 (20))- Therefore for any
l<p<oo,de LI’(]P’jTo(zo), and

HVd”U’(PrO con S CD)(ro +€1).
I
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We now proceed with the estimation of u. Let v:R? x (0,00) — R? solve the Stokes
equation:

1
Ov — Av + VP = —div {nZ <u®u+Vd®Vd— 2|Vd213>]

+div {n? (F) ~ F@), 5 ) 1}

—div {? (Su[Ad — f(), ] + Sulf@.d], 5 ) |, (475)
V-v=0,
v(-,0) = 0.
By using the Oseen kernel, an estimate of v can be given by
[v(x, )] < CT(|X|)(x, 1), V(x,1) € R? x (0, 00), (4.76)
where
X = [u ®@u+ (va ®Vd — ;Vd%) — (F(d) — F(d), )]
+ So[Ad — f(d), d] + S,[f(d), d]z()jg] .
As above, we can check that X € M33(1-®(R*) and
HX”M%’”*“)(R“) < C(rg + &)
Hence we conclude that v € M 31(177723)’3(1’“)@@4), and
\|v||M31(1:23)_3(17“)(]1{4) < C”X”M%'M*W(Rﬂ < C(ro + €1). 4.77)

Asat %, 31(1:23) — 00, we conclude that forany 1 < p < 0o, v € LP(P%O(Z())). Since

O —v) = AW-v)+VP=0, diva—v)=0 inPp,,.
we have thatu — v € LOO(]P%O(Z()))- Therefore forany 1 < p < co,u € LP(P%()(ZO)) and
HuHU’(JP’rO (z0)) < C(p)(ro + €1).
s

]

For the rest of this section, we will establish the higher order regularity of (1.2). Again we
prove it via a high order energy method which has been employed by Huang—Lin—Wang [11]
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for general Ericksen—Leslie systems in dimension two, and Du—Hu—Wang [6] for co-rotational

Beris—Edwards model in dimension three.

Lemma 4.6. Under the same assumption as lemma 4.5, we have that for any k > 0,

(Vka, VA1) € (11> N L2H]) (]P’l ket (ZO)> and the following estimates hold
I

sup / (|VRaf* + |VEd[H)dx
B o-ttn  (x0)
7 0

—(k+1 2
,0,(%<+>,0) <i<io

+/ (VA ) + | VE2a)? + \vkp\%) dx dr
Pyt (o)
2 0

< C(k,ro)er.

In particular, (u, &) is smooth in IP’%O (20).

(4.78)

Proof. For simplicity, assume zo = (0, 0) and ry = 2. (4.78) can be proved by an induction
on k. It is clear that when k = 0, (4.78) follows directly from the local energy inequality (4.68).

Here we indicate to how to proof (4.78) for k > 1. Suppose that (4.78) holds for k < / —

1, we

want to show that (4.78) also holds for k = /. From the induction hypothesis, we have that for

0<k<<I—-1,

sup / (|Vha]* + |V*Hd|*)dx
— (142~ *+ D)2 <107 By o+

+/ (\vk+1u| + |VE2d? + |ka|%) dxdr < C(De;.
L an))

Hence by the Sobolev embedding we have
/ (|Vl_1u|170 + |Vld|170) drdr < Cen,
Py o

and for 0 < k < [ — 2, by the Sobolev-interpolation inequality as in (3.11) we have

/ (V5" + |[VE1d|0) dx dr < C(D)ey.
PG+
Also, for 1 < j <[/ — 1, we have
[ v,
—(12ip (

142-4)

0 . . 2 : ; 2
< /(1+2/)2 H(Vju, vj+1d)“L2(Bl+2*j) H(Vfu, VjJrld)| L(‘(Bl+2*j)dt

2
LRLI(P,

< ||V, V7 a)

z—j)H(Vju’ ijd)Hi%H}(PlH,j) < C(De;.
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By lemma 4.5 we also have that any i € NT and 1 < p < oo,

HdHLOQ(IP’Z) <M, [d]CG(JP’Z) + [Dilf(d)]cf?(]pZ) < C(I, M)ey,

(4.83)

[, Vd)||zr@,) < C(p)ei.

Notice that V!~ P satisfies
1
—AVIIP = div? [VH (u ®@u+Vdo Vd — E|Vd|213 — (F(d)];
- f F(d)13> + S.[Ad — f(d), d] + f Sa[f(d),d]ﬂ .
Py )

(4.84)

Now let ¢ € C3°(B,,,-1) be a cut-off function of B, ¢+1,3-at+1, and PO, 1) R = R,
—-(1+27")? <1 <0,

1
PO(x, 1) = / V2iG(x — y)(() [u®@u+ Vd o Vd — 3 |Vd|*I; — (F(d)l3
R3

—f F(d)13) + SolAd — f(d), d] +f Sa[f(d),d]] )dy,
Py )

(4.85)
and P(., 1) := (P — PY)(., 7). For PV, we have that
1
VPO (x) = / ViG(x —y)V'! {n (u ®u+Vdo Vd — E|Vd|213
]R3

— (F(d)I3 —f F(d)) + So[Ad — f(d),d]+f Salf(d), d]))] (ndy.
P, P,

By Calderon—Zygmund’s singular integral estimate, with bounds (4.79)—(4.83) we can show
that

/ VPO Pdx dr < C(Dey. (4.86)
P

1421

We see that P? satisfies

~AP® =0 in By, w13t (4.87)
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Then we derive from the regularity of harmonic function that for 1 < j < 2/,

/ IViP?|3dxdr < c/ IV P2 dx dr
P oD s+ P (D g+
< c/ IV P|dxdr + c/ 1PV dx dr
Pyt Pyt
< C(Dey.

Now take [th order spatial derivative of the equation (1.2);, we have?

9,(Vu) + V'V-(u®@u) + V'VP - V'Au
1 (4.88)
=-V'v. [Vd o Vd — 5|Vd|13 — F(d)5 + S,[Ad — f(d), d]

Letn € C3°(B,,-1). Multiplying (4.88) by V'un? and integrating over B,, we obtain®

d

|Vlu|277 dx+/ |V a2 dx
dt B, 2 B

= / Viw®@u) : VVuy? + Vieu): Viue Vi)]dx
By
V'P- Vi -V@Hdx — [ VVu:Via® Ve)dx
5, B (4.89)
1
+ / V! {Vd ®Vd - 5|Vd|2 — F(d)I; — S,[f(d),d]| : V(V'ur?)dx
By

VIS, [Ad,d]: (VV'ap? + Via @ V(?))dx

By

=L+L+L+1L+I.
Now we have the following estimate:

-1
|| 5/ u[ V| + > (V|| V| | (V' aly? + [Vl V)dx
By

=1
1
S 32

\V’+1u|2n2dx+C/ lu|?|V'a|*n*dx
+C / S VPV laPrids + C / V'uldx,
sz_ sptn

Ll < / [V POV aln V| + [V V2] + [u]| VIV PPV dx
By

2 Strictly speaking, we need to take finite difference quotient D V=1 of (1.2); and then sending i — 0.
3 Strictly speaking, we need to multiply the equation by D}, V'~'un?.
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1

<33 \Vl+lu|2n2dx+C (VPO 4 Vi Pdx

sptn

+C[ (uf +[P?3)dx
sptn

1
1 < / IV g V| Vil < o / VPP dx 4 C / V',
By 32 By sptn

-1
Iy < / V|| V] + > [V VT | + [ VIF@))
By

j=1
+ v’(Sa[f<d),d]>|> (IV*haln? + V|| V(?))dx

-1

1 ; )
< \Vl+1u|2772dx + C/ |V[+1d\2|Vd\2772+ Z ‘v/+1d|2|vl+1*jd|2,’72 dx
3 5

j=1

(V'E@))*n* + |V'S.[f(@),d][*n*)dx + C / |V'a|*dx.

By spt n

For I5, set AL :=5,[V'Ad,d], and B, .= V'S,[Ad,d] — A, then we have

(%4

Is = [Afl : VVlun2 + ny : VV[un2 + Aﬁl Ve V(nz) + ny Ve V(nz)]dx
By
=151 + Isy + Is3 + Is4.

Then we get
1
|Isy| < —/ |Vl+1u|2772dx+C/ |Vd* |V d[*n? dx
32 B BZ

+C Z\V’+1d| |V id PP,

szl

1
|Is3] < / |VI*2d)*n? dx + C / |V'u)?dx,
32 By spt n

|Is4| g/ |V’u\2dx+/ |Vd| |v’+1d|2n2dx+/ Z|V’“d\ [V id PP
sptn

By j=1
Now we take (I + 1)th order spatial derivative of the equation (1.2)3, we have

9(VV'd) + VVi(u-Vd) — VV'T,[Vu,d] = AVV'd — VVf(d). (4.90)
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Multiplying (4.90) by VV'dn? and integrating over B,, we obtain*

d 1
_/ —\Vl“d\znzdx—l—/ ‘vl+2d‘2’r]2d)€
dr /g, 2 B,

= [ Vi@-Vd) -V - (VVdp*)dx

By

— [ VT, [Vu,d]- AV'dr? + V'T,[Vu,d] - (V(%) - VV'd)]dx

By

— [ VV'(d): VV'dy? dx =: K, + K> + K. 4.91)

By

Then we have the following estimates:
-1 A
K| < / V||Vl + [u V] + D[Vl (192 d ]+ (9 g V) dx
2

j=1

1
< == [ VPP dx + c/ \Vd || V'u|*n? dx + c/ lu?| V! d)*n? dx
32 By By By

-1
- C/ > VPV APy dx + c/ |V d|dx,
By i1 spt 7
|K3\5/ |v’+1d|2n2dx+/ |VIT(d)|*n” dx.
B, B,

For K,, we set C!, =: T,[VV'u,d], D!, .= V'T,[Vu,d] — C, then we have

?’

By
=:Ky + Ky + Koz + Koy

Now we estimate

-1

1 . ‘

\Kn\gﬁ \V’*Zd\andx+c/ |Vd\2\v’u\2n2dx+c/§ |V |V d 2 d,
B, B, By oy

1
Kl < 35 [ VPP e [ viiapan
By spt 7

-1

\ng/ \Vl+'d\2dx+/ |Vd|2|Vlu\2772dx+/ V)2 |V d P n? dx.
spt i By B 1

2j:

#Strictly speaking, we need to multiply the equation by D}, V'dn?.

3038



Nonlinearity 34 (2021) 3001 H Du and C Wang

Combine all estimate above, and with the cancellation /5; = K,;, we arrive at

d

& (\Vlu|2 +|VI*Td? ) n* dx —|—/ (\VH'IH\Z + |Vl+2d\2) 7 dx
By

By

< C/ |u| |V’u|2772 + Z |Vfu| |v[ /u| dx +C (|v[u|2 + |v[+1d|2)dx
2 J=1 sptn
+C (V'uf? + [VHdP + VPO 4 fuf 4 \P(2)|%)dx
spt 7
-1 A
+C/ |Vd‘2‘vl+ld‘2n2+Z‘vj+ld|2|vl+l—1d‘2n2 dx
By

j=1

(V'E@ [ + V'S, [f@), d][*n* + |V TH(d)[*n?)dx
Bz
-1
e / VAPl + P VAR + 3 (VR P | d
By _]:1

+c/ wau\ |V Id P dx.
B

2 =1

(4.92)

By Sobolev-interpolation inequality, we have
ul*|V'u[*n* dx
By
< HVIUUHL(,(BZ)HVIHUHLZ(BZ)||ll||i(,(spt,])
< CHV(VI‘W)HH(BQ)||Vlu77||L2(32)”u”i"’(sm )

1

vl+1 2 de C/
<33 Bz\ ul"npdx +

Vil + Clulfog, [ [Vl dx
spt By
1
/ lu]?| VT d*n? dx < —/ VT2 d P dx + c/ |V Tld|?dx
By 32 By spt 7

4
+ C||u||L6(sptn)/ |vl+ld|2772 dx’
By

1
/\Vd|2|V[u|2n2dx<—/ |V’+1u\n2dx+C/ IV'u[2dx
By 32 By sptn

+ CHVdHLG(sptn)/ \V’u\2n2 dx,

1
/ (Vd)*| VT n* dx < —/ |v’+2d|2n2dx+c/ |VItd|*dx
B 32 By spt 7
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4
+ Vel [ 191107 .
By
For lower order terms, we have that for 1 < j </ — 1,

— i _ 2 i 12
/BZ|VI lu‘Z‘Vju‘ZUZ dx < ||vl 1uT]HL(‘(BQ)||v]u||L3(spln)

< V" ) [0

< C||Vju||i3(sptn)/3 |vlu|2772 dx
2

+ €UV g V0

13121 jg 12,2 i 112 I+1 7312, 2
Bz\v d|*|V/u*n* dx < C||V’u||L3(spw)/Bz|V d|*n* dx

2 .
+ CHvldHL3(spt 7) ’|v]u|‘i3(spl 7’

— i i 2
‘Vl lu||v]+ld‘2n2 dx < C||Vj+ld||L3(Spl,,])/ ‘Vlu|,r}2
By

By
— 2 i 2
+CHVI luHL3(spt1])Hvﬁ_ldHﬁ(sptn)’
VaP(vapear < Ol |9 aRRa
B, spt 1) B,
2 i 2
_|_CHVldHL3(S];)t7])Hv]-HdHL3

(sptn)’

and for 1 < j,k <[ — 2 that

/ |V VA d?n? dx < c/
By

spt 7

|Via|*dx + c/ |V d|*dx.

spt

Since |d| < M in P,, by the calculus inequality for H* (cf [14, appendix]), we have for —4 <
1 <0,

HVIF(d)HLZ(spt 0] S HvldHL2(SP‘ m’
HVlSa[f(d), d]HLz(spt ) S HvldHLZ(spt n’

R G PR L s
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Put all these estimates together, we arrive at

d
7/ (|vlu‘2+|vl+ld|2) 77de+/ (|vl+lu‘2+|vl+2d|2) nde
dt /g, B
-2
< c/ VP 4 (VP £ VPR + S [V 4 (v d
sptn j=1

+C [ (uf + VPR 4 P2 ydx
sptn

-1
— 4 4 ; ;
+ c Hvl 1uHL3(spt1]) + HvldHL3(spl'r]) + Z <’|v]u’|i3(spl'r]) + Hv]+ldH4L3(sptn))

J=1

-1
+C [ 1w, V@) [7005) + Y IOV, VI D) 755 | % / (V' + [V dP)pdx.
=1 B

(4.93)

Now let n € C5°(By 5-u+145-a+n) be a cut-off function of By —u+1 4 19-a+1. We can apply
the Gronwall’s inequality to (4.93), together with (4.79)—(4.83) to get

sup / (|Vha]* + |V d[*)dx
,(1+2—(l+1)+10*<’+1)>2<t<0 By a1 4 10-0+1)
4.94
+/ IV af> + |V*2d)?) dx dr 454
By 0-0+D
< C(De;.
Recall that V'P satisfies
1
—~AV'P=div’ |V [u®@u+Vdo vd — E\Vd\% — (F(d)3
(4.95)
- f F(d)13> + So[Ad - f(d), d] + f Salf(d), d])] -
Py P,
Then by the Calderén—Zygmund theory and (4.79)—(4.83), (4.94) we can show
/ IV'P|2dx dt < C(D)e;. (4.96)
Py o+
This yields that the conclusion holds for k£ = I. Thus the proof is complete. (]
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5. Partial regularity

As a consequence of lemma 4.6, we get the following regularity criteria for (1.2):

Corollary 5.1. For a suitable weak solution (u,d, P) to (1.2), if z € R3 x (0, o0) satisfies

sup |d.,| < oo,

0<r<d (51)
liminf ®(z,r) = 0,
r—0-+

Then there exists 61 > 0 such that (u,d) € C*(Pj5,(2)).

The following lemma is well-known, see [10].
Lemma 5.2. Let d be a function in L(R? x (0, o)), and let 7 = (x,1) € R? x (0, 00) such
that

f ld —d.,[°dxdr < CF° (5.2)
Pr(2)

for some § > 0 and some C depending ond and z. Then lim, d, , exists, and is finite.

Next we will control the oscillation of d. For 0 < T < oo, denote Q7 = R> x (0, T). Recall
1
the fractional parabolic Sobolev space W,l,’2 (Or1), 1 < p < o0, contains all s satisfying

1A = +fl s <oo,
W, 2 0r) tren W, 2 ©r)

where

T /T > 3
(V2 :=< Ivf\”drdx+// f(x’t)_f(x’s)ldtdsdx> .
or r3Jo Jo

W, 2 (©0r) |t —s|!+3

From the global energy estimate (1.6) and the Sobolev embedding theorem, we have
0 10
(u,Vd) € (L,WL% NLH! ML LY ) (Qr), d € L°L°(Qr). (5.3)
It follows that
9d = Ad — f(d) — u- Vd + T,[Vu,d] € L3 (Qy).

1
From the fractional Galiardo—Nirenberg inequality [1, 2], we getd € lezf (Qr), and
7

la]?
w

1,1
5 (O7)
T

2
< Clldlnp 04 VO 5, +CldIly 1z <o

Then the parabolic Sobolev—Poincaré inequality yields

1
P
(f d—dz,,dedt> <C r27—°*5/ vd| 7
Pr(2) Py (2)

t t 20
20 d(x,s1) —d(x,s)|7
+ r7_5/ / / ‘ ( D ( 102)| ds; dsp dx
Br0)Jt—12J 112 ls1 — s 7
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5.
5_

~IS

= 23—0 > 6. Hence by Holder inequality we have that

1
6
(f d—d., 6dxdt> < (f d—d.,
P(2) Pr(z)

<C {r%o‘s/ Va7 (5.4)
Pr(2)

t t 20
20 d(x,s;) —d(x,s0)|7
+ rT_S/ / / dGx, 51) ( 102)‘ dsy ds, dx
-(x) t—r2J1—r2 |S1 — S2|1JFT

Proof of theorem 1. Define

where p =

~g

3
20
Fdx dt)

S

= {z € B3 x (0,00) : liminf &(z, 7) > <5 or liminf]d,,| = oo} .
r—0 r—0

It follows from corollary 5.1 that ¥ is closed and (u,d) € C*(R? x (0, c0) \ ). From (5.4)
and lemma 5.2, we know that ¥ C N,+0S,, where S, is defined by

S, = ZGQT:lim$nf r’%/ (|U\¥+\Vd\§)dxdt
r r(z

2
+ (rg/ Pgdxdt> >0, or
P (2)
15 20 ! !
liminfr~ 777 / \Vdﬁdxdt—i—/ / /
=0 Pr(z) By (x)Jt—r2Jt—r2

20

d(x, s1) — d(x, 5,)| 7

o | (xs““) : |Eil;ff) ds, dszdx> >o}.
1 — 92

For the last integral, we have that

d(x, s1) — d(x, 5)| 7

g SL®XODxOD).

f(x’sl’SZ) =

|S1 — 8

Let § be the metric on R3 x R x R:

5(51,52) = max{\xl — X2, \/\tl — 1, \/|s1 - sz\} L V& =(xitis) € RP xR xR,

A standard covering argument implies that
s !
pito {(x, 5,0) € R? x (0,T) x (0,T): 1iminfr—¥—”/ / / F(©d¢ > 0} =0,
r—0+ Br(x)Js—r2J1—r2

where 7:5" denotes the k-dimensional Hausdorff measure on R® x R, x R with respect to the
metric 6.
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Since the map T(x,1) = (x,1,0) : R? x R - R* x R x R is an isometric embedding of
(R3 x R, d) into (R?® x R x R, §), we have that

pito ({(x, ne0r: 1i%£fr‘§‘”[3r(x)[r2 tiﬂf(&)dﬁ > 0})
pHto ( H(x 1 EQr: hmmfr 7- / / f(g)df > OH)
() J t 2Ji—r2
— pto ({(x t,1) € Qr x (0,T): 11m1nfr 7- / / f(f)d£>0}>
Br(x)J 1

< pRte ({(xst)eQTx(O T): hmmfr 7- / / f(£)d£>0}>
(x) S s—r2J t—r2
=0.
(5.5)
Again, by a simple covering argument we can show
prte ({ze QT:r_%_”/ Vdgdxdt>0}> =0, (5.6)
Pr(2)

and

Wi

Pildze0r: hmf%/ (\u|170 + \Vd\%)) dxdr
0 P (2)

2
T (r—i/ |P|§> >0}> =0. (5.7)
Pr(2)

It follows from (5.5), (5.6) and (5.7) that P 7 +7(S,) = 0 so that P77 () = 0, V o > 0. [J
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