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On a thermodynamically consistent model for magnetoviscoelastic
fluids in 3D

HENGRONG DU, YUANZHEN SHAO AND GIERI SIMONETT

Abstract. We introduce a system of equations that models a non-isothermal magnetoviscoelastic fluid. We
show that the model is thermodynamically consistent, and that the critical points of the entropy functional
with prescribed energy correspond exactly with the equilibria of the system. The system is investigated
in the framework of quasilinear parabolic systems and shown to be locally well-posed in an L ,-setting.
Furthermore, we prove that constant equilibria are normally stable. In particular, we show that solutions that
start close to a constant equilibrium exist globally and converge exponentially fast to a (possibly different)
constant equilibrium. Finally, we establish that the negative entropy serves as a strict Lyapunov functional
and we then show that every solution that is eventually bounded in the topology of the natural state space
exists globally and converges to the set of equilibria.

1. Introduction

We study the following system of equations that models the evolution of a magne-
toviscoelastic fluid, allowing for a non-constant temperature in a C3-bounded domain
Q ¢ R3 with outward unit normal v:

du+u-Vu—V-qOVu)+Vr =—V-(VmOVm)+ V. (FF") in Q,

Vou=0 in Q,
u=0 on 0%,
HF+u-VF—V.-«@OVF)=(Vu) F in Q,
F=0 on 0%,
%0 +u-VO+V-q=wod|Vul>+«c@|VF> +a@®)|Am + |[Vm|>m> in Q,
g-v=>0 on 0%,
om +u-Vm = —a(@)m x (m x Am) — f(0)m x Am in  Q,
dym =0 on 0%,
Im| =1 in £,
(0), F(0), 6(0), m(0)) = (ug, Fo, 6o, mo) in Q.
(1.1)

Mathematics Subject Classification: 35Q35, 35Q74, 35K59, 35B40, 76D03, 76A10

Keywords: Magnetoviscoelstic fluid, Quasilinear parabolic system, Entropy, Thermodynamic consis-
tency, Lyapunov function, Convergence to equilibria.
This work was supported by a Grant from the Simons Foundation (#426729 and #853237, Gieri Simonett).

Published online: 10 February 2024 ® Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00028-023-00938-3&domain=pdf
http://orcid.org/0000-0002-2211-9032

9 Page 2 of 51 H. DU ET AL. J. Evol. Equ.

The meaning of the expressions Vin © Vi, V- (Vm ©Vm), Vu,and V - F is explained
below in the paragraph titled notation. The equations above comprise a coupled system,
consisting of
1. the incompressible Navier—Stokes equations with variable viscosity coefficient
n(0) for the velocity field

u:(O,T)xSZ—>]R3

with a right-hand side that includes the elastic stress tensor induced by the
magnetization field m and the deformation tensor F'. Moreover, 7 : (0, T)x Q2 —
R denotes the pressure function;

2. atransport-dissipative system for the deformation tensor

F:(0,T) x Q— M =R

with variable dissipative coefficient « (¢) and stretching term (Vu) " F;
3. atransported anisotropic heat equation for the (absolute) temperature function

0:0,7T)x2—>R
with the heat flux g given by the generalized Fourier law [9,36]
q=q(u,F,9,m)=—K(u,F,9,m)V9, (12)

where K (u, F, 6, m) is apositive-definite, matrix-valued function of (u, F, 6, m)
which reflects the inhomogeneity of the material. For example, one may choose

q=—h®)VO —k®)(VO - m)m,

where /(0) describes the variable heat conductivity, while k(6) represents the

inhomogeneous thermal conductivity along the direction preferred by the magne-

tization within the medium. In this case, K (u, F, 0, m) = h(0)[3+k(0)(mQ@m);
4. aconvected Landau-Lifshitz—Gilbert system for the magnetization field

m:0,T)xQL—>S*={deR:|d =1}

with variable Gilbert damping parameter o (9) and exchange parameter $(6).

The model can be used to describe so-called smart fluids (magnetorheological flu-
ids), that is, fluids carrying magnetoelastic particles. Because of their remarkable
properties, magnetoelastic materials are widely used in technical applications.

When fluids are subjected to heat, their molecules experience internal movement
due to changes in temperature. This compound effect can be described by differen-
tial equations that govern the laws of these changes. While numerous publications
have been devoted to the dynamics of magnetoviscoelastic fluids in the isothermal
case (see, for example, [5,7,10,14,15,21,34,38]), there is a lack of research on the
thermodynamic effects associated with these fluids.
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A related class of thermodynamically consistent models for incompressible non-
isothermal nematic liquid crystal flows has been developed using the Ericksen—Leslie
formalism, as discussed in [6,11,17-19]. Specifically, De Anna and Liu extended the
general Ericksen—Leslie system and the general Oseen—Frank energy density in [6],
and they obtain a global well-posedness result of strong solutions for initial data that
are close to equilibrium in suitable homogeneous Besov spaces. Another approach
to modeling non-isothermal nematic liquid crystals is presented in [11], where the
authors introduce an energetically closed system and derive the equations using a gen-
eralized variational principle. They show the existence of global weak solutions for
suitable initial data in a three-dimensional bounded domain with a sufficiently regular
boundary. Meanwhile, Hieber and Priiss analyzed the non-isothermal Ericksen—Leslie
system by means of maximal L ,-regularity techniques for quasilinear parabolic evo-
lution equations in [17,19]. They demonstrate the local existence of classical solutions
and the stability of solutions subject to initial data that are close enough to an equi-
librium for the case of linear boundary conditions. It is also worth noting that the
authors in [12,13] consider non-isothermal nematics using the Q-tensor as the order
parameter. They prove global existence of weak solutions with the Landau—De Gennes
polynomial potential and the Ball-Majumdar singular potential, which are commonly
used to describe the configuration of the liquid crystal molecules.

A detailed analysis reveals that system (1.1) features a quasilinear parabolic struc-
ture, and we are employing the theory of maximal regularity, see for instance [32],
to study existence, uniqueness, and qualitative properties of solutions. With this ap-
proach in mind, there are several difficulties that arise in the mathematical analysis.
For instance,

e The equation (1.1)g for the temperature 6 contains terms that have a highly
nonlinear dependence on the magnetic field m; namely, the equation contains a
term that is quadratic in second-order derivatives of m. On a technical level, this
means that we need to work in function spaces that encode higher regularity for
the magnetic field m.

e The flux vector ¢ in (1.2) is allowed to depend in a nonlinear way on the variables
(u, F, 0, m). The boundary condition g-v = 0 then leads to a nonlinear boundary
condition which is to be satisfied by the solutions. This implies that solutions ‘live
on a nonlinear manifold,” and this adds significant challenges to a mathematical
treatment.

Quasilinear parabolic systems with nonlinear boundary conditions have been stud-
ied in the literature by several authors, for instance in [20,22,23,25-27]. However, the
results contained in these publications cannot be applied directly to the model (1.1).
For instance, while these works cover a very general class of quasilinear parabolic
systems with nonlinear boundary conditions, they do not include a coupling to the
Navier—Stokes equations. Moreover, these works do not feature equations which con-
tain quadratic terms in the highest derivatives of some of the variables.
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Due to the structure of the nonlinear terms in the temperature equation, it seems
infeasible to find a realization of (1.1) in so-called extrapolation spaces, which would
be helpful in order to absorb nonlinear boundary conditions of co-normal type, see for
instance [2,35].

Finally, we would like to mention that the techniques developed in this paper can
be generalized to also cover fully nonlinear boundary conditions, and we could also
admit nonlinear boundary conditions for the remaining variables.

The manuscript is structured as follows. In Sect. 2, we show that system (1.1) is ther-
modynamically consistent. In addition, we provide a characterization of the equilibria
and we show that the critical points of the constrained entropy functional correspond
exactly to these equilibria. In Sect.3, we introduce a functional analytic setting to
study the system (1.1). In Sect.4, we provide existence and uniqueness results for
some related linear problems, which will then form the basis to establish the local
well-posedness of strong solutions for system (1.1), carried out in Sect. 5. In the main
theorem of this section, Theorem 5.3, we show that system (1.1) generates a Lips-
chitz continuous semiflow on the state manifold (defined by the nonlinear boundary
condition). Here, we have been inspired by the approach in [22,26,27]. In addition,
we show that the temperature satisfies a maximum principle. In Sect. 6, we provide
criteria for global existence. In addition, we study stability of constant equilibria; in
particular, we show that solutions that start close to a constant equilibrium exist glob-
ally and converge exponentially fast to a (possibly different) constant equilibrium.
Finally, in “Appendix A,” we establish some relevant properties of fractional Sobolev
spaces with temporal weights, and in “Appendix B,” we study mapping properties of
the nonlinearities associated with system (1.1).

Notation: For the readers’ convenience, we list here some notations and conventions
used throughout the manuscript.

In the following, all vectors a = (ay, ..., a,) € R" are viewed as column vectors.
For two vectors a, b € R”, the Euclidean inner product is denoted by a - b. Given two
matrices A, B € M", the Frobenius matrix inner product A : B is given by

A:B= trace(ABT),

where T is the transpose. Suppose €2 is an open subset of R”. If u € C'(Q; R"), we
set Vu(x) = e; ® d;ju(x) for x € Q. Hence, foru = (uy,...,u,) € Cl(Q; R"Y), we
have

[Vu(x)lij =diuj(x), 1<i,j<n, xe€Q.

We note that [Vu(x)]T corresponds to the Fréchet derivative of u at x € Q.
If A e C'($; M"), its divergence V - A is the vector function defined by

(V- -Ax) = (8jA(x))Tej, x € Q. (1.3)
Hence, if A =[a;;] € C1(€; M), its divergence is given by
(VA =0jaj;(x), i=1,...,n, x€Q.
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Here and in the sequel, we use the summation convention, indicating that terms with
repeated indices are added. We note that (1.3) implies

(V-A)-u=V-(Au) —A:Vu, AecCl(QM"), ueC(QRY. (14
Foramatrix A € C1($2; M"), weset |VA|? = 0jA : 0;A.Finally,form € CHuRY),
Vm © Vm denotes the symmetric tensor given by [Vm © Vm];; = (9;m|d;jm),

1<i,j<3.
For functions f, g € Ly(2; R™),

(fl9)a =/Qf-gdx

denotes the Ly-inner product. For any Banach space X,s > 0, p € (1, 00), W;(Q; X)
denote the X -valued Sobolev(-Slobodeckij) spaces. When the choice of X is clear from
the context, we will just write W;,(Q).

Given any T € (0, oo], we will denote the interval (0, T) by Jr. For p € (1, 00)
and p € (0, 1], the X-valued L ,-spaces with temporal weight are defined by

Ly, (Jri X) = [f L0, T) = X1 [t > (" HF(0)] € Ly(Jr; X)}.
Similarly, for k € N,
Wi, X0 = | f e WhipoUrs X020 f € LpuUr: X0, j = 0,1, k).
For s € (0, 1), the Sobolev—Slobodeckij spaces with temporal weights are defined as

Wy Urs X) i=H{u € Ly (Jrs X) @ llullws  (rix) < 00},

o
where
lullws , s = WullL, o) + lws 7%
llws , (r:x) = (/ / p—pw 4@ —u(@Iy u(o)l% v dt)l/p, (1.5)
" (t — t)5p+1
see [28, Formula (2.6)]. || - llw; , (Jr;x) is termed the intrinsic norm of WS (Ir; X).

For any two Banach spaces X and Y, the notation £(X, Y) stands for the set of all
bounded linear operators from X to Y and £(X) := L(X, X). Lis(X, Y) denotes the
subset of £(X, Y) consisting of linear isomorphisms from X to Y.

Finally, in this article, ® : Ry — R, always denotes a continuous non-decreasing
function satisfying

d(r) — 0" asr — 0T,
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2. Thermodynamic consistency

In this section, we discuss the thermodynamic properties of (1.1). We introduce the
following assumptions:

ik, BeC(R), KeC @ xM xR xR sym (M));

(2.1
H=p k=K, aza K=cl,

where 1, k, & and ¢ are given positive constants. Here, we assume C-smoothness for
convenience.
We assume that the Helmholtz free energy density v is given by

1 1
Y =Y(F,0,m) = S|F?+ Z|Vm|> = 01n6.
Then, the entropy density  and the internal energy density ejn; can be obtained via
the following thermodynamic relations, see for instance [32, page 7]:

n=—0gYy =1+1n6 (the Maxwell relation)
eint =¥ +0n = %|F|2 + %|Vm|2 + 0 (the Legendre transform of ¥ w. 1. t. n).

We can derive from the equation for 6 in (1.1) the entropy evolution
on+u-Vvn+V.g=r, 2.2)
where g denotes the entropy flux which satisfies the Clausius—Duhem relation (see for

instance page 7 in [32])

8=9’

and where the entropy production rate r is given as

_ 1 2 2 2 2 q - Vo
r= o | WOIVUP + k@ VEP +a@)|Am + |VmPmP = L= 23)

The thermodynamic consistency of (1.1) is established in the following result.

Proposition 2.1. Suppose (u, F, 0, m) is a solution of (1.1) with the regularity prop-
erties asserted in Theorem 5.3. Then, the following properties hold.

(a) (First law of thermodynamics). The total energy
1 1 1 1
E=E@, F,0,m) = / G lul? + €in) dx = / Glul + SIFP + S1Vm]® +6) dx
Q 2 Q 2 2 2

is preserved along the solution (u, F, 0, m).
(b) (Second law of thermodynamics). The total entropy

N=N(9)=/ ndx:/(1+ln9)dx
Q Q

is non-decreasing along the solution (u, F, 6, m). In fact, the entropy production
rate r is always non-negative, i.e., r > Q.
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Proof. Let (u, F, 6, m) be a solution of (1.1) with initial value zo = (1o, Fo, 6o, mo)
defined on its maximal interval of existence [0, T+ (zp)), see Theorem 5.3 for the
precise regularity assertions. Let T’ € (0, T (zo)) be fixed. For notational simplicity,
we suppress the time variable in the following computations.

For (a), we follow the calculations in [10, Proposition 4.1] to obtain

]
=13 (|u|2+ |F|2+|Vm|2> dx
= —/ [p(0)|Vu|2+K(9)|VF|2+ot(9)|Am+ |Vm|2m|2] dx, te(0,T).
Q
2.4)

Meanwhile, integrating the equation for 6 in (1.1) over €2, from an integration by parts
and the relations V - u = 0 and (u, ¢ - v) = (0, 0) on 92, we have
d
5/ 0dx = / [1O)IVul®> + k(@O)IVFI* +a(@)|Am + [Vm|[*m|*]dx, 1€ (0, T).
Q Q
(2.5)
Now, adding (2.4) and (2.5) yields %E =0forr e (0,7).

For (b), we obtain from the equation for 6 in (1.1), the Maxwell relation n = 1+1n 6,
and (2.2) that

n+u-Vn

1
= (@0 +u - V6)

1
= 2 (V- g+ wO VU + € OIVFP + @) Am + [V m]?)

_ 1 2 > > o q-Vh
=~V g+ o | ROIVul +k@OIVF +a@®)|Am + [YmPm| — =

=—v.g+r, te,T).

By (1.2), wehave —¢g-VO = KV6-V6O > Q|V9|2 > 0, and hence r > 0. This implies

d
—N = ndx—/(an—V g+r)dx—/rdx>0 te(0,7),
dr dr Q
(2.6)
and hence the assertion holds. O

2.1. Entropy and equilibria

Here, we follow the arguments in [32, Section 1.2], see also [19], to discuss the
equilibria of system (1.1) and their connection to the critical points of the entropy
functional. We begin with a characterization of the equilibria.
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Proposition 2.2. (a) The set £ of equilibria of (1.1) is given by
& = {(Us. Fy. 0. my) € {0} x {0} x (0, 00) x C®(Q)},

where m, satisfies the harmonic map equation with homogeneous Neumann
boundary condition

Am+ |VmPPm =0 in <,

Im| =1 in Q, 2.7
oym =0 on 0%2.
Moreover, the equilibrium pressure is given by m, = —% |V, |*> + C, where C

is some constant.
(b) —N is a strict Lyapunov function for (1.1).

Proof.  (a) Suppose 2, = (ux, Fy, my, 6,)is anequilibrium for (1.1). Then, (?—tN =0
and it follows from (2.3), (2.6) that (Vuy, VFx, V0., Amy + |Vmy|*my) =
(0,0,0,0), as

—Gs - Vs = K (24) Vs > c|VO,|%.

The boundary conditions (u., Fy) = (0, 0) readily imply (u,, Fix) = (0,0). In
addition, we conclude that 6, is a constant. Finally, we can derive from (1.1); that
Vi, = —V(%Wm*lz), and hence 7y, = —(%IVm*|2 + C) with some constant
C.

(b) Let (u, F, 0, m) be a solution of (1.1) with the regularity properties of Theo-
rem 5.3, defined on the maximal interval of existence [0, T+ (z0)). Suppose that
%N = Oonsomeinterval (1, t2) C (0, T+ (z0)). Then,r > Oimpliesr(#) = Oin
Q fort € (11, tp). We conclude as above that (u(¢), F(t)) = (0,0) and 0(¢) = ¢
for t € (11, 1), where ¢ > 0 is a constant. Therefore,

(8lu(t)v BIF(t)r alg(t)) = (07 Ov O)v re (11’ t2)

Moreover, Am(t) +|Vm(t) |2 m(t) = O0fort € (#1, t2). Taking the cross-product
of both sides of this equation with m(¢) results in

m(t) x Am(t) = —|Vm@)|2m(@) x m(t)) =0, t € (11, ).

Hence, we conclude that 9;m(t) = O for ¢t € (¢1, t»). This shows that the solution
is at equilibrium. 0

We will now provide an informal discussion concerning the critical points of the
constrained entropy functional.

Suppose that (u, F, 0, m) is a sufficiently smooth critical point of N with 6 > 0,
subject to the constraints G(m) = (Im|> — 1)/2 = 0, E = Ey, and the boundary
conditions in (1.1). By the Lagrange multiplier method, we get A € R and Ag €
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L,(2) such that the first variation of N at z = (u, F, 6, m) with respect to w =
(v, J, 9, n) satisfies

(N 4+ 2gE’ + 126G (D) |w) = 0.

We have

(N’(z)|w)=/ agnﬁdxz/ de,
Q Qb

(reE @)|w) = /QAE(u v+ F:J+9+Vm:Vn)dx,
(AcG'(D)|w) = /Q)»Gm -ndx.
This yields the relation
OZ/Q[(I/Q‘F)\.E)??—{’)\.E(M'U-{—F :J —Am-n)+Aigm-n]ldx, (2.8)

where we employed the boundary condition d,/m = 0 to derive

/Vm:Vndx:/—Am-ndx.
Q Q

Now, setting (v, J,n) = (0,0, 0) in (2.8), it follows that Ag = —1/6, as ¥ can
be arbitrary. Notice that Ag € R, hence 8 = 0, is constant and Ag < 0. Similarly,
setting (u, F') = (0, 0), we see that m solves the equation —AgAm + Agm = 0, with
boundary condition d,m = 0. Moreover, |m| = 1 on 2. We can then conclude that

A = rgim|> = AgAm -m = AgV - [(Vm)m] — Ag|Vm|> = —Ag|Vm|?, (2.9)
where we used the fact that (Vm)m = 0 due to |m| = 1. This implies
Am + |[Vm|*>m = 0,

hence m satisfies the harmonic map equation (2.7). Therefore, the critical points z =
(u, F, 6, m) of the constrained entropy functional correspond exactly to the equilibria
& of the system.

Meanwhile, let

H(z) := (N" +2eE" + 16 G")(2)

be the second variation of N at a generic point z = (u, F, 6, m). A direct computation
yields

1
(H(z)w|w>sz=f[—9—2192+AE(|v|2+|J|2+|Vn|2>+xc In|*] dx,
Q
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where w = (v, J, ¥, n). At a critical point z, = (0, 0, 6,, m.), we obtain, in conjunc-
tion with the relation Ag = —Ag|Vm, |2, see (2.9),

1 1
(Hz)wlw)g = / [——50% — — (> + [ + [Va|* = [Vm.[*|n]*] dx.

A moment of reflection shows that N (E’(z4)) and N (G’(z4)), the null space of E'(z,)
and G’(z,), respectively, is given by

N(E'(z+) = {(v, J, 9, n) : / ¥ dx =0, [ Vmy : Vndx = 0},
Q Q

N(G'(z2) ={(v, J, %, n) : my-n=0 in QJ}.

‘We note that the condition m, -n = 0 in €2 implies fQ Vmy : Vndx = 0. This follows
from the relation

0= |Vm*|2m* ‘n=—Amy-n

and an integration by parts. Hence, we have

Ny := N(E'(z4+)) N N(G'(z+)) = {(v, F, 9, n) : / vdx =0, my-n=0 in Q}.
Q

This yields

1 92
Hezowlwyg =—— | (= +v* + 17 +|Va]* = [Vm,[*n]* ) dx,
9* Q 9*

w = (v, J, 0, n) € N,.

We conclude that H(z.)|n,, the restriction of H(z) on N, is negative semi-definite
iff

/Q(|Vn|2 — | Vmy2n)?)dx = 0, n e CX(Q;RY). (2.10)

In case relation (2.10) holds for all n satisfying m, - n = 0 in €2, m, is called a stable
harmonic map, see for instance [24, formula (1.5)]. Note that (2.10) holds if m, € S?
is constant. This shows that the validity of the relation (2.10) is necessary for the
constrained entropy functional to have a (local) maximum at a critical point. We refer
to [8, Theorem 26.2] for more background on extrema for constrained problems in
infinite-dimensional Banach spaces.

Summarizing, we have (informally) shown the following result.

e The equilibria of (1.1) are precisely the critical points of the entropy functional
with prescribed energy.

e The condition (2.10) is necessary for the constrained entropy functional to have
a local maximum at a critical point. This always holds true in case m, € S? is
constant.
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Remark 2.3.  (a) We notice that equilibria which are (local) maxima of the con-
strained entropy functional are the ultimate states where the system is evolving
toward. These are necessarily (locally) stable, as entropy can then no longer
increase.

(b) Itis stated in [16, Lemma 5.2], see also [17, Lemma 1] and [32, Lemma 12.2.4],
that the nonlinear problem (2.7) admits only constant solutions 2, € S*. How-
ever, this assertion is not correct in the form stated, as the following example
shows: Let Q = {x e R3:0 <r; < |x| <m}andm : Q — S? be defined by
my(x) = x/|x|. Then, m, is a (non-constant) solution of (2.7).

3. The functional analytic setting

Following the formulation in [10, Section 2], we rewrite the system (1.1) as

du+u-Vu—V-(WO)Vu)+Vr =-V-(VmOVm)+V-(FF') in Q,
V-u=0 in  Q,
u=0 on 0%,
%F+u-VF—V-k@VF)=(Vu)'F in Q,
F=0 on 0%,
30 +u-V0—V-(K(2)VO) = @) |Vul> + «(©)|VF|? (3.1
+ a(@)|Am + |Vm|*m|? in Q,
v (K(z)VO) =0 on 9%,
orm — (a(0) Iz — B(OM(@m))Am = a(0)|Vm|2m —u-Vm in  ,
dym =0 on 0%,
u(0), F(0), m(0), 6(0)) = (ug, Fo, mo, 0p) in  Q,

where z = (u, F, 0, m),

0 —m3 mp
Mm)=| m3 0 —-my|, with m = (my, mp, m3).
—my m;p O

One readily verifies that m x Am = M(m)Am. Notice that the constraint [m| = 1 is
dropped in (3.1). It will be shown later that the condition |m| = 1 is in fact preserved,
provided |mgo| = 1.
Givenany?Z = (if, F, 0, m) € C'(€; R? x R? x R x R?) (where we have identified

M? with R?), we introduce the operators

AY@)u == =P (V - (W@)Vu)),

A2(O)F := =V - (k(O)VF),

A*(2)0 := —V - (K()V0),

AY@, iym = —(@@) Iz — BOM(W)) Am — a(8)|ViTi|*m.
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Here, Py : L, (2; R3) — L (2 R3) denotes the Helmholtz projection.
For later use, we show that the principal part Ag @, ) = (a@)Iz — ﬁ(g)M(ﬁi))A
of A4(§ , m) is (uniformly) normally elliptic, see for instance [32, Definition 6.1.1].
For this, let (&, 1) € C(Q) x C(; R?) be given. The symbol SAZ(@, /i) (x, &) of
Aé(g, m) is given by

SAL@. i) (x, &) = (@) 3 — BEE)M@GE () IEZ,  (x.&) € Q x R,
For |&] = 1, we obtain for the spectrum o (i.e., the eigenvalues)
o (SAL@. i) (x, £)) = {2 (@(x)), a(@) £iB@)AE)]})  (x.§) € 2 x S

Hence, for each (5, m) € C(Q) x C(Q;R3) and (x,£) € Q x R3, the spectrum
of SAg(O, m)(x, &) is contained in a sector Xy = {z € C\{0} : |argz| < ¥} with
opening angle 9, satisfying

max, g [BOCDIIA)] _ max, g [BOCHIT®] _

tan(¥) < ; ~ <
min g a(6(x)) o

s

where ¢ > 0 is the constant introduced in (2.1) and M > 0 is an appropriate constant.
Hence, ¥ < /2.
Setting

[C (@)ym]; = & - Am + Vi : ;Vm, i=1,2,3,
it follows that
Clmym =V - (Vm © Vm), m e Wy (2 RY),
Cl() e LOWHQ:RY), L,(Q:RY), i e C'(RY).
For (9, i) € C(Q) x C2(Q: R?), we set
C3@, mym := —a (@) (AR + |V |*m) - (Am + |Vii|>m).
One readily verifies that
C3(0, i) € LIC*(Q2: RY), C(Q, RY)).
We now introduce a functional analytic setting to study problem (3.1). For this, let
X0 1= Lpo(QRY) x Ly(Q: M) x L,(2:R) x W)(Q:R), 1< p<oo.

Here, L, 5(Q2; R?) := Py (L,(Q; R?)) is the space of all solenoidal vector fields in
L, (2 R3) with Py : L,(2;R3) — L, ;(Q; R?) the Helmholtz projection. For all
s > 0, we define

W (R 1= Wi(Q: R N Ly o (2 RY).
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Moreover, we set
X{={ueW, , (R): u=00n0dQ}
X{:={F e Wy(:M): F=00n0Q},
X{:=1{0 e Wy(Q)}.

Xt = {me W) (R : d,m=00n0Q}.

For X1 =X } X X% x X ? X X‘f, we introduce the space of initial data as

Xy = Xo, XD u—-1/p,p

for u € (1/p, 1]. In the following, we assume

1 5
p>5 and pu> -+ —, 3.2)
2 2p

which ensures that the embedding
Wit @) s 0 @), =01, (33)
holds true. Observe that by [3, Theorem 3.4] and [37, Theorem 4.3.3],
u e W;fﬁ,_z/p(ﬁ; R3) and u =0 on 0%,
( o) F e W;ff;z/p(Q;M3) and F=0 on 9%,
u, Fa ,m € X ) @
m o e WP (@),
meWw,*P(Q; R} and d,m=0 on 0R.
Given any 7 = (i, F.0,m) e X, i, the operator
A'@® 0 0 PyC'(m)
0 A%6) 0 0
0 0 A’Q) c3@.m)
0 0 0 A*@,m)

AG) = (3.4)

satisfies A(Z) € L(X1, Xo).
In addition, given z = (u, F, 8, m), we introduce the boundary operator B(Z),
defined by

B@)z=v-trye (K@Q)VH)), (3.5

where tryg is the boundary trace operator.
Finally, we set

Py [V-(FFT) — (u-Vu)]
(Vu)'"F —u-VF

w@)|Vul> + k@)|VF|> —u - V0
—u-Vm

Fl@) = (3.6)
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Using the notation introduced in (3.4), (3.5), and (3.6), we can restate the nonlinear
system (3.1) in the condensed form

0z+ARz=Fk in <,
B(z)z=0 on 0%, (3.7
z7(0) = zo in Q.

For notational brevity, given any 7 € (0, oo], we define

Eo..(J7) =Ly, (Jr: Xo),  E1,(r) =W, ,(Jr: Xo) N Lp(Jr; X1),
B, (Jr) := BUC(Jr; Xy 1),
. 1/2=1/2p . .wl-1/p
Fu(Jr) = Wyl P (Iri Ly(@) N Ly (Jrs W™ 7 (99)),
and
2u—1-3
Yy =Wy P 5Q).

For future analysis, we also introduce the spaces with vanishing trace at r = 0:

0E1..(Jr) :=oE{ , (Jr) x 0BT , (J1) x oE} ,(J1) x oE} ,(J1)
={(z1,22,23,24) € E1(Jr) : yo(z1, 22, 23, 24) = (0,0,0,0)},
oBL(Jr) :=={z € B,(Jr) : oz =0},
oF,(Jr) :={g € F (Jr) : yog = 0},

where yo denotes the trace operator at ¢ = 0.

Lemma 3.1. Suppose that (p, ) satisfy the Assumption (3.2). Let T € (0, oo]. Then,
we have

(@) E1 . (Jr) = B, (Jr). The embedding constant for the embedding o1, (JT) —
0B, (J7) is independent of T .

(b) The trace operator yy € L(Ey ;. (J1), Xy, ;1) has a bounded right inverse y; €
Ly Eru ().

(c) Foreachzy € X, y, there exists a function z, € Ky ,(Ry) such that z,.(0) = zo.

(d) Fu(Jr) = BUC(J; Y, ) — BUC(J x3R2). Thus, F,,(J7) is a multiplication
algebra.

Proof. Although the properties listed above are known, for the reader’s convenience,
we include a proof nonetheless.

(a) By [28, Lemma 2.5], there exists an extension operator £;, € L(Eq ,(J7),
Ey . (R4)). Moreover, one shows that E; , (R, ) is continuously translation in-
variant. The first assertion follows now from [4, Proposition III.1.4.2].

By Proposition A.4, there exists an extension operator 59T € LOE1,.(r),
oK1, (R1)) whose norm is independent of T'. The second assertion follows then
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from the commutativity of the diagram

2y
oE1u(Jr) —>  oEpu(Ry)
\: \)

R,
oBL(Jr) <= oBLRy),

where R; denotes the restriction operator.
(b) Pick anyZ = (u, F,0,m) € X, .. Then, we define for zo € (1o, Fo, 6o, mo) €
Xy.u

(5200 (0) = (e”(”"]@)uo, eI By, Rae D ggay, e”(‘””A4(§ﬁ))mo> :

telJ,

where D(A! () := X! fori € {1, 2, 4}, with 7 interpreted appropriately, and o
is a sufficiently large positive constant, to be specified below.

Moreover, £, € E(W;,H“ —2/p (), W;H“_z/ P(R3)) denotes an appropriate
extension operator, R is the restriction operator, and A is the Laplacian defined
on R3.

It follows from the maximal regularity result in Proposition 4.1 and [32, Propo-
sition 3.5.2(ii)] that, for each 7 € X, ,, the operators wl — A'R),ie(l1,2,4},
generate a strongly continuous exponentially stable analytic semigroup on X, 6,
where w = 1 for i € {1, 2}, and w is sufficiently large for i = 4. The assertion
follows then from [37, Theorem 1.14.5].

(c) This follows by choosing T = oo in (b) and setting z, = y5 Zo.
(d) The first embedding follows from [28, formula (4.10)], and the second one from
(3.2) and Sobolev embedding. O

4. Linearized problems

Before investigating the nonlinear system (3.7), we first study some related linear
problems. We start with the system

Wz+AGz=1f1) in
B@)z=g(t) on 9%, “.1)
2(0) = 2o in Q,

whereZ € X, ;..

Proposition 4.1. Assume (2.1) and (3.2). LetZ € X, ,, and T > 0 be given.

(a) Forevery (f, 9, z0) € Eo , (Jr) xF,(J7) x X, 1, where g satisfies the compat-
ibility condition B(Z)zo = y0Q, the linear initial boundary value problem (4.1)
admits a unique solution z € By, (Jr). Moreover,

L®@) == (AR), B@), w) € Lis(E1,.(J), Du(Z, T)),
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where D, (Z, T) == {(f, 9, 20) € Eo,,(Jr) x F,(Jr) x Xy 1, : BX)z0 = 109}
(b) Foreach? € X, and (f,9) € Eo ., (Jr) % oF . (Jr), let z =: S(2)(f, ) be the
(unique) solution of (4.1) with zo = 0. Then,

[Z+ S@1e C'(Xy 1, LEo ,(IT) X 0F (1), 0E1 1 (J7)). 4.2)

Moreover, given any T, > 0, the norm of S is uniform in T € (0, Ty].

Proof.  (a) The proof is based on the upper triangular structure of A and the results
in [32, Theorems 6.3.2, 6.3.3 and 7.3.2]. Let

f=(f1, fo. f5. fa) € Eo,.(Jr), 9€F,(Jr), z0€ Xypu

be given, where g satisfies the compatibility condition B(Z)zg = ypg. We first
solve the equation for m:

dm—+ AY@,mym = f3 in Q,
dym =0 on 0%,
m0) =mg in ,

and obtain a unique solution
m e Ly (Jr; Wa(Q:R) N W, (Jr; W, (2 RY))
by means of [32, Theorem 6.3.3]. In view of (3.3),
(€ @ym,0,C3@, mym, 0) € o, (Jr).
Therefore, the remaining equations of (4.1) can be rewritten as

u+A'@u=fi —C'iym in Q,

u=~0 on 0%,

WF + A2O)F = f» in Q,
F=0 on 09,

30+ A0 = f,—-C@,m)m in Q,
v-trypo(K(@)VO) =g on 0%,
(u(0), F(0), 6(0)) = (uo, Fo, 6o) in Q.

The existence and uniqueness of a solution then follows from [32, Theorems 6.3.2
and 7.3.2].
(b) Lemma B.1 implies that

2 (AR), B@)] € C'(Xy 1, LOE1u (1), Bou(Jr) X oF . (JT))).

The continuous differentiability of the map S follows from the following dia-
gram:
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7~ (4 +AG).BGR) — (3 +AR®,B@)
X)/,[L - [:(O]EI,/I.(JT)’]EO,M(‘]T) X OFM(JT)) d ‘C’(]EO,[L(JT) X OF[L(]T)7 OEI,/A(JT))~

Fix T, > 0. Forany 0 < T < T, it follows from Proposition A.4 that there ex-
ists an extension map &y, : X(Jr) — X(J1,) with X € {Eo 4, 0E1 ., 0Fy}.
Moreover, the norm of £, is uniform in 7 € (0, Ti]. Given any (f,g) €
Eo. . (Jr) x oF . (J7), let (£, Q) = (€1, £s,9). Part (a) implies that one can
find a unique function Z € oE; ,(J7,) such that Z = S(f, §). Put z = Z|jo,7}. It
is clear that L(Z)z = (f, g, 0). Direct computations yield
zllEy ) < 1ZIEir) < C (”f”]Eo.M(JT*) + ||Q||O]FH(JT*)>
< C (Ifllgo o) + 191oF, (1))

with a constant C that is independent of T € (0, T,]. Therefore, the norm of
S(Z) is uniformin T € (0, T]. O

Next, we consider the non-autonomous linear system

0z +A@))z=11) in Q,
B(z«(1))z = g(®) on 082, (4.3)
z(0) =20 in Q,

where z, € Eq ;,(J7) is given.

Proposition 4.2. Assume (2.1) and (3.2). Let T > 0 and z,. € E1,(J7) be given.
Then, the system (4.3) has a unique solution z = S(f, 9, z0) € E1,,.(Jr) if and only if

(f,9.20) € D/L(Z*, T):= {]EO,[L(JT) X IF;/.(-]T) X Xyt B(z4(0)z0 = 9(0)}.

In this case, there is a constant ¢ = c1(T) > 0 such that

Izlg, ) < 1 (D) (Illig o) + 918, ) + 2011, ,.)- 4.4)

Given any Ty, > 0, the constant ¢\ (T) is uniform in T € (0, Ty] in case g € oF ., (Jr)
and zo = 0.

Proof. Let z« € Eq ,(Jr) be given. In the following, we use the notation
A(t) == Az«(1)),  By(®) :=B(z(1)), Si(t) :=S(z(1), Ki(1) := K(2:(1))

for t € [0, T], where the solution operator S is defined in Proposition 4.1. By
Lemma 3.1(a), we know that z, € C([0, T]; X, ,) and therefore, the set {z.(s) :
s €[0,T]} C X, . is compact. We conclude from (4.2) that there exists a constant
M = M(T) > 0 such that for v € {u, 1}

1S5 () 1 2o (J7) % 0Fu (Jr)0Er 0 (Ir)) < M, s €0, T]. 4.5)
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By Lemma B.1 and absolute continuity of the integral ||tryq K ||Fﬂ( Jr)» we can find a

partition
O=t<t;---<t,=T of [0,T]
such that
max ||z, (1) — z.(t)1x, , <1,
rel (4.6)
Itrag (K« () — Ki(2)) 7,1, <0
for a predetermined (fixed) number 1, where I; = [t;, ¢j41]for j =0, ...,n—1,and

where we set

pw o if j =0,
Pt =1, n—1.

Now it follows from (4.6), and Lemma A.5(i) that
IAC) = Al 2B, (1)) Bo 1)) < 1/(4M),
1B«() = Bl £oEr, (1)) 0F, (1)) < 1/(4M)

for j = 0,...,n — 1. In fact, we will first choose a partition point #; so that the
properties of (4.7) hold true for Iy = [0, #1], and then partition the remaining interval
[t1, T'] if needed.

4.7

We will consider problem (4.3) on subintervals /;. In the first step, we deal with
the interval Iy = [tg, #1] = [0, #1]. In order to resolve the compatibility condition
B, (0)zo = g(0), we consider the linear problem

oyw +A,(Ow="Ff@r) in [0,1]x 2,
B.(Ow =g() on [0,11] x 0L, (4.8)
w(0) = zo in Q.

Let w € Ey ([0, 1]) be the unique solution of (4.8) (whose existence is guaranteed
by Proposition 4.1) and consider the system

d2+AM: =11 in [0,1]x 2,
B.(t)z = g(r) on [0,1] x 9L, (4.9)
2(0) =0 in Q,
where
f(1) = —[AL(0) — A O)w (1),
g(t) = —[B.(t) — Bx(0)Jw(?).

Suppose z € Eq ([0, #1]) is a solution of (4.9). Then, one verifies that the function
z1 =w+Z € Ey ([0, #1]) is a solution of (4.3) on the interval [0, #1].
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Hence, it remains to show that (4.9) has a (unique) solution. For this, we first note
that the necessary compatibility condition B, (0)Z(0) = §(0) is satisfied. To show the
solvability, we rewrite (4.9) as

32+ A0:+Ri(H: =f() in [0,1]x Q,
B.(0)Z + Ra(1)z = 9(?) on [0,11] x 3%, (4.10)
2000 =0 in Q,

where
Ri(1) = [A«(t) — Ax(0)], Ra(t) = [B«(t) — Bi(0)], 1 €[0,1]
It follows from (4.5) and (4.7) that

[(R1(), R2()SO) | £(®o . (10117 x0F, (0.1 1) < 1/2,

so that [I + (Ri1 ("), Rz(-))S*(O)] € L(Eo,,([0,1]) x oF, ([0, #])) is invertible.
Hence,

2= S.O[7 + RO, Re(NSL(O] ', §) € oE1 .10, 11])

is the (unique) solution of (4.10) on the interval [0, ¢1]. It follows that z; :=Z + w €
E1,.([0, #1]) is a solution of (4.3) on the time interval [0, #;].

Assume that there exists another solutionz € E; ([0, #1]) to (4.3) on [0, {]. Then,
h = z—7 solves (4.10) with f = 0 and g = 0. The unique solvability of (4.10) implies
that 4 = 0. This proves the uniqueness of a solution on [0, #;].

We can now repeat the steps above for the interval [71, #;]. In this case, we consider
the problem

Oz +A(M +0z="Ftp +1) in [0,6p — 1] x Q,
B.(t1 + 1)z =9t +1) on [0, —1]x 0%, (4.11)
2(0) = z1(f1) in

where 7z is the function obtained in step 1. As z; solves (4.3) on the time interval
[0, 71], the compatibility condition B, (#1)z(0) = B, (#1)z1(f1) = g(#1) is satisfied.
Repeating the arguments of step 1, we obtain a unique solution z € Eq ([0, 12 — #1])
of (4.11), since z1(#1) € X, 1. Let

z1(2), 0<tr=<n
z(t) =

2@ —1), 1 =<t=<n.
As z1(t1) = z2(0) we conclude that z € Wl1 ((0, 12); Xp). It is then easy to see that
z € By, ([0, &2]).
We can now repeat the steps above to find a solution z € Eqy ,(J7) of (4.3) on
[0, T']. To show uniqueness, let

t, :=sup{t € [0, T'] : (4.3) has a unique solution on [0, #]}.
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By step 1, the set under consideration is nonempty and, therefore, #, is well-defined.
Suppose t, < T. We can then repeat step 2 from above to get a unique solution on
[#«, t« + 8] for some §. This leads to a contradiction, as the assumption #, < T would
imply that (at least) two different solutions with initial value z(z,) exist.

Given Ty > 0, when zp = 0 and g € ¢F,(J7), the uniformity of the constant C
in (4.4) with respect to T € (0, Ti] can be shown in an analogous way to Proposi-
tion 4.1(b). O

For simplicity, we will introduce the following notation
A(z) :=A(z)z and B(z) := B(z2)z. (4.12)
It follows from Proposition B.3 that
A€ ClE1u(Un). Eou(r), Az =A@z + A (@)zlzs,
BeC' B (). Fulir), Bz =B@)z + B (@)zlz
Next, we will study solvability of the linearized system

974+ A ()7 — Fl(ze()z=11t) in ,
B (z+()z = g(t) on 0%, (4.13)
z(0) = 2 in Q,

where z, € E1 ,(Jr) and F is defined in (3.6). We obtain the following result.

Proposition 4.3. Let z,. € Ey ;,(Jr) be given. Then, the linearized system (4.13) has
a unique solution z = S(f, 9, z0) € E1,,,(Jr) if and only if

(f,9.20) € Dz T) : = {Bo,u(Jr) x Fu(Jr) x Xy 0 B'(2:(0))z0 = (0)}.
In this case, there is a constant ¢ = c2(T) > 0 such that
IzllE ) < 2T (Il . i) + 18IIE, 77y + lIz0l1x,,.)-

Given any T, > 0, the constant ¢y is independent of T € (0, Ty] in case g € oF,(Jr)
and zo = 0.

Proof. We observe that for z € g1, (/) and any interval / contained in [0, T],
1 / p lp / 1 p 1/p
</ 1V IA @ () 2(D)]zx (D Iy, dt) = (/ A @)z "2 (Dl dt)
I I
1—v p l/p
<M </ e "z Ol df) sup [z(Dllx,, ,
1 tel

l/p
<CM </1 ||t1*“z*(t)||§’(1 dt) NzlloE; . (1)

where the constants C and M do not depend on the length of 7, due to Lemma 3.1(a).
Here, v = p in case the interval / contains 0, and v = 1 otherwise. By absolute
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continuity of the integral f[o T ||t1_”z*(t)||§7(] d¢, we can, again, choose a partition
{1; :0 < j <n-—1}of [0, T] such that

1/p
(/1 11201, dr) =
J

where > 0 is a given, predetermined (small) number.
Letzy = (uy, Fy, 04, my) € El,p,(JT) be given. Then [B/(Z*)Z]Z* = traQ[K/(Z*)Z]
VO,. It follows from Lemma A.5(ii) that for any z = (z,-)ilg1 € oE1,(I)

16
ltra (LK (2:)21V0) |k, 1y < C Y lItra (8 K (22) VO lor, (1) 1tragzi oy (1)

i=1
where the constant C is independent of the length of the interval I C [0, T']. By
absolute continuity, for any given > 0, there exists a partition {/; : 0 < j <n — 1}
of [0, T'] (which can be chosen to be compatible with the one for A’) such that

Itra([K " (z:)2)VO)lor, (1)) < 1 llzllok, ), 0<j<n-—1,

for some constant C that is independent of the length of the interval /;. See Proposi-
tion A.4 and [28, Theorems 4.2 and 4.5]. Finally, we note that the term F'(z,(¢))z is
of lower order in z and can therefore be handled by a standard perturbation argument.
The assertion follows now by similar arguments as in the proof of Proposition 4.2. [

5. Local well-posedness

Theorem 5.1. (Local existence and uniqueness for the abstract problem) Assume
(2.1) and (3.2).
(@) Let M, = {z € X, ;. : B(zx)z = 0}. Then for every zo € M, there exists
T > 0 such that the nonlinear system (3.7) has a unique solution z € Ey , (Jr).
The solution can be continued to a maximal solution 7 = z(-, zg) on an interval
[0, T4 (z0)).
(b) Let T < T4(zo). Then, there exists a number p > 0 such that the system
(3.7) has a unique solution z(-, wo) € Eqy ,(Jr) for each initial value wy €
M, N Bx, (20, p). Moreover, the mapping

[wo = z(-, wo)] : My, N Bx,, , (20, p) = E1,,(J7)

is locally Lipschitz continuous. Hence, (3.7) generates a (locally) Lipschitz con-
tinuous semiflow on M,,.
(¢) Let T < T4(z0) and z = z(+, zo) be the (unique) solution of (3.7). Then,

tze Wy, (Jr: Xo) N W), (Jr: X1).

Moreover, z € C1((0, T1; X, ).
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Proof. In this proof, we will follow the ideas in [22, Theorem 14] and [26, Proposi-
tion 4.3.2].

(a) Fixz, € By, (Ry) withz4(0) = zo, whose existence is guaranteed by Lemma 3.1(b).
We put

Az = A'(z(1))z — F'(z:(0))z,
Bu(t)z = B'(z«(1))z,
where the functions (A, B) are defined in (4.12), and consider the linear problem
dz+ Az = A2z — Aze) + F(z) —F'(z)ze in - Q,
B:(1)z = B'(z4)z4 — B(z4) on 9Q, (5.1
2(0) = zo in Q.
Note that the compatibility condition

B:(0)z0 = B'(z0)z0 — B(z0)

is satisfied, as B(z9) = B(zg)zo = 0 by assumption. Therefore, Proposition 4.3
implies that for any To > 0, (5.1) has a unique solution w € Ey ,(Jz). Fix
Ty, Ro > 0. For every T € (0, Tp] and R € (0, Rp], we define a closed set in
E,.(J7) by

X(T,R) ={z € E1 n(Ur) : llz = wllg, ,sr) = R, 0z = 20}
Observe that, by [28, Theorems 4.2 and 4.5], there exists some M > 0 such that
forall T € (0, To] and R € (0, Rg] and every Z € X (T, R), it holds that
ltraezllE, (rr)s Itra@ Ve, r)s 1218, s 1218, ) < M. (5.2)
Given any Z € (T, R), we consider the linear problem
hz+Az=A@):—AQ) +FQ) -F )z in Q,
B.(1)z = B'(z:)2 — B(2) on 9, (5.3)
2(0) = z0 in Q.
As B(z9) = B(z0)zo = 0, the compatibility condition
B.(0)z0 = B'(z0)z0 — B(z0)

is satisfied, and we can infer from Proposition 4.3 that (5.3) has a unique solution
=72 € Ey,(Ur).
Then, it is clear that z € X (T, R) solves (3.7) iff it is a fixed point of 7 in
(T, R). Note that v = 7 (Z) — w solves
v +A.Hv=T.2) in &,
B.(t)v = G4 (2) on 0%,
v(0) =0 in €,
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where

Fi(2) = —(AG) — AG) — A@)E — 2)) + FG) — Fzo) — F@)E — 22,
Gi(2) = —(BG) — Bzy) — B'@) G — 22).

(b)

In view of Proposition 4.3, there exits a constant C > 0, which is independent
of T € (0, Tp], such that

I72) — wllg, ) < CUAR) — Azs) — A'(2:) € — 2 1By, (47
+IF@) = F(z) = F'(2) (& = z)llgg 1)
+1IBZ) = B(zs) = B'(z)(E = 2 llF, (1)

where we have used the fact that
B() — B(zx) — B'(z4)(Z — z4) € 0F . (J7).

Using (5.2) and (B.5), one verifies that |7 (Z) — w||ELH(]T) < R, provided T
and R are chosen small enough. This shows that 7 maps (7T, R) into itself.
To show that 7 : (T, R) — X(T, R) is a strict contraction, we pick functions
z,Z € X(T, R). Then, we obtain

17 = T@llg, .00 < CUAR) — AR) — A' (@) — DRy, (1)
+IIF@) = F@ — F(z0E = Dllry 0r)
+1IB@) = B@) — B'(2:)E — D, (1)

for some constant C that is independent of 7" € (0, Tp]. Employing (5.2) and
(B.5), (B.6), one verifies that

N 1,
IT®) = T@ 0 < 517 = 2lE,0n-

provided T and R are chosen sufficiently small.

The contraction mapping principle implies the existence of a unique solution
z € (T, R)to(3.7) on the time interval [0, T]. A standard argument then yields
that z is also the unique solution in Ey ,, (J1).

The existence of a maximal interval of existence [0, 7' (z9)) can be obtained
in a standard way as in [32, Corollary 5.1.2].
Pick an arbitrary T € (0, T4 (z0)) and let z = z(-, zo) be the (unique) solution of
(3.7) obtained in part (a). Then, w € E; ,(Jr) is a solution of (3.7) with initial
value wo € M, iff w = z + v, where v € Eq ;,(Jr) solves the system

dv+Ao)v=F@@) in Q,
Bo(Hv = G(v(1) on 0%, (5.4

v(0) = vy = wy — 20 in Q
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on [0, T'], with

Ao()v = A'z()v — F'(z()v = Az@)v + [A'(z())v]z(r) — F'(z(0)v,
Bo(t)v = B'(z(1)v = B(z()v + [B'(z(1)v]z(2),
F(u(1)) = —(AG®) + v(1) — A1) — A'@)v(0)) + Fz@) + v(1) — F(z(1))
—F @)@,
G(@®) = —(Bz(t) + v(1) — B(z(t)) — B'(z()v(@)).

It follows from Proposition B.3 that
FeC'(Ei . (Jr),Eou(Jr) and Ge C'(Ei,(r),Fu(r)). (5.5
Easy computations show that
F@0)=0, G@O)=0, F©) =0, G0 =0. (5.6)
Note that the compatibility condition
Bo(0)v(0) := B'(z0)v(0) = G(v(0)) (5.7
is satisfied, as B(zp) = B(wo) = 0 by assumption. Let
Xg.u :={20 € Xy, : B'(z0)20 = 0}.
We then introduce the map F : X)(}’M x E1,,(Jr) — Ei1,,(Jr), defined by
F(2o,0) = 0 — SE®), G(D), 20 + R(z0)G(0(0))),

where S is the solution operator defined in Proposition 4.3 and R(zg) : ¥, —
Xy ;. is the bounded right inverse of B/(zp) asserted by Lemma B.3. Observe
that (0, 0) = 0 and the compatibility condition

B'(z0) (20 + R(z0)G(0(0))) = G((0))
is satisfied for each v € Ey , (J7). It follows from (5.5) that
Fecl(X), xEiu(Jr). ELu(r))

and from (5.6) that 9, 7(0, 0) € Lis(Ey,,(J7)). The implicit function theorem
then implies that there exist some r > 0 and W € c! (BXo 0,7), Er,.(J1))
such that v = W (zg) with Zo € BX() (O r) iff F(Zo, 0) = 0 or equivalently, 0
solves

0;0 + Ap(1)v = F(0(1)) in €,

Bo(1)v = G(0(1)) on 0%,

3(0) = 2o + R(z0)G(0(0)) in Q.



J. Evol. Equ. On a thermodynamically consistent model Page 25 of 51 9

©

We define P(z0) : Xy, — Xg/),u by P(z0)7 = (I — R(z0)B'(z0))z. For suffi-
ciently small p > 0, and wg € M, N € By, , (z0, p), we choose
20 = P(z0)vo € Bxo (0,7), where vy = wo — 20.
In view of (5.7), it holds that
vo = 20 + R(z0)B'(z0)vo = Zo + R(20)G(v(0)).

Therefore, v and 0 solve the same system of equations. We conclude that v :=
W (P(z0)(wo — zp)) is the unique solution of (5.4) on [0, T'] with initial value
vo. Hence, w = z + V(P (z0)(wo — z0)) is the (unique) solution to (3.7) with
initial value wq on [0, T]. Setting z(-, wo) = z(-, z0) + V(P (z0)(wo — z0)), we
can infer that the mapping

[wo = z(-, wo)] : M, N Bx,, , (20, p) = E1,,(J1)

is Lipschitz continuous.

Fix T € (0, Ty (z0)) and € € (0, 1) so small that (1 + €)T < Ty (zp). Letz €
E1 .. (J7) be the unique solution of (3.7) with initial value zo. Let z; (t) = z(At).
Then, v = z,, solves

v+ Ag()v=F(A, v(@)) in £,
Bo(t)v = B(v(1)) on 02, (5.8)
v(0) = 29 in
on [0, T'], where Ag and By are defined as in (5.4) and
F, o) = —(AMA@®)) — A'0))v(@) + AF (@) — F'(z(1)v (),
B (1) = —(B®) — B'(z(1)v(1)),

with (A, B) defined in (4.12). As F(1, v) = —(A@) — A'(2)v) + F(v) = F (2)v,
one readily verifies that

03F(1,2) =0, &'(2)=0.
Similar to part (b), we define Fo : (1 —¢€,14+¢€) x Ey ,(Jr) = Ey ,(J7) by
Fo(h,v) =v = SE (R, v), &), 20 + R(20)6(v(0))),
where Zg = z0 — R(z0)B'(z0)z0 € X 3 .- Note that the compatibility condition
B'(20)(Z0 + R(z0)&(v(0))) = &(v(0))

is again satisfied. We have Fo(1,z) = 0 and 0rFo(1,2) € Lis(E1, . (J7)).
Therefore, the implicit function theorem implies that there exist § € (0, €) and
Yy € Cl((l —38,1+9),Eq ,(Jr)) such that v = Wy(A) iff v solves

v+ Ag(t)v = F(A, v(t)) in Q,

sBo(t)v = &(v (1)) ono<2,

v(0) = z0 — R(z0)B'(z0)20 + R(z0)B(v(0))  in Q.



9 Page 26 of 51 H. DU ET AL. J. Evol. Equ.

From Fy(1, z) = 0, we infer that z = Wy (1). We want to show that Wo(L) = z;.
To this end, notice that zo(A) := yoWo (L) satisfies

20(M) = 20 — R(20)B'(z0)20 + R(20)& (20 (1))
= 20 — R(z0) (B(zo(A) — B'(z0)(z0(A) — 20)).
By using the fact that B(zg) = B(z0)zo = 0, we further obtain
20(0) — z0 = —R(z20)(B(z0(A)) — B(zo) — B'(z0)(z0(A) — 20))).

We can thus conclude that

lzo%) = 20llx,,, < P20 — 20llx,,)lI20%) — 20lx,,
< d(|Wo(h) — Wo(D g, )00 — 20lx, .-

By choosing § so small that

sup  P([[Wo(r) — Wo(DllE, ,sr) = 1/2,
re(1-8,145)

we have zg(A) = zo forall A € (1—3, 1+38). Thus, ¥o(X) solves (5.8) and hence
Wy (X) = z,. The differentiability of Wy implies that \I/(’)(l) =toz € Ey . (J7).
Therefore, 0;(tz) = z 4+ 19,z € Ey,,(J7). Then, the asserted the regularity of z
follows. [l

In the following, we will discuss the remaining issues concerning the pressure
function 7 and the constraint [m| = 1.

Proposition 5.2. Given T > 0, the following statements are equivalent:
(a) (3.1) has a solution (u, F,0,m, ) € K1 ,(Jr) x Ly ,(JT; I-'II;(SZ)).
(b) (3.7) has a solution (u, F,0,m) € Ey_,(Jr).

Proof. The implication (a)=(b) follows by just applying Py to both sides of the u
equation in (3.1). We are left to show (b)=>(a). Suppose z = (u, F,0,m) € Ey ,,(J7)
solves (3.7). Let

v=—u-Vu+V-@O)Vu)—V-(Vm O Vm)+V-(FF").
Let 7r be an Wll7 solutionto Awr =V -vin Q withd,m = v -von 0L, i.e.,
(Va(@)IV) = w(D)IVh), Vo€ Hy(Q), p'=p/p—1).

From standard elliptic theory we conclude that w € L, ,, (J; I-'I; (2)) and Pyv(t) =
v(t) — V(). Then by (3.7), we have

o +Vm —v=0u— Pgv=0.

Hence, (u, F, 0, m, ) solves (3.1);. O



J. Evol. Equ. On a thermodynamically consistent model Page 27 of 51 9

Now, we are in a position to state the main theorem concerning local well-posedness
of (3.1). To this end, we define the state manifold of (3.1) by

SMy :={z=w,F,0,m)eX,,: 0>0,|ml =1, Bz)z=0}.

Theorem 5.3. (Local well-posedness of (3.1)) Assume (2.1) and (3.2).

(a) Suppose that zo = (uo, Fo, 6o, mo) € M,,. Then, there exists a number T > 0
such that (3.1) has a unique solution

Z( 20) = w, F,0,m, ) € 1, (Jr) x Ly, (J; Hy (Q)).

Each solution can be extended to a maximal existence interval [0, Ty (z0)). If,
in addition, |mg| = 1, then the solution also satisfies

Im@®| =1, te€l0,Ty(z0)).
Moreover, it holds that

0(1,x) = minfy(x), (1,x) € [0, T+ (z0)) x Q.
Q

(b) Let T < Ty (z0). Then, there exists a number p > 0 such that for every wy €
SM, N Bx, (20, p), the unique solution Z(-, wo) of (3.1) with initial condition
wo belongs to Ky, (J7) x Lp ;. (JT; qu (2)). Moreover; the mapping

[wo — Z(- wo)] : SMy, N Bx,, (20, p) = E1u(Jr) x Ly (Jrs Hy ()
is locally Lipschitz continuous. Hence, the system (3.1) generates a (Lipschitz)
continuous semiflow on SM,,.

Proof. (a) The factthat [m(¢)| = 1 up to T+ (z0), provided |mg| = 1, follows from a
parabolic maximum principle (c.f. [10, Theorem 2.5]). By (3.3), 6y € C'(Q), so
that ming 6 (x) exists. For (¢, x) € [0, T4 (z0)) X €2, let ¥ (¢, x) = ming Oy (x) —
6(t, x). Then, we can derive from (3.1) that ¥ solves

oY +u-Vyy <V-(K(2)Vy) in R,
v-trpe(K(2)Vy) =0 on 0, (5.9)
¥(0,x) <0 in Q.

Multiplying both sides of (5.9); by ¥, = max{t, 0} and integrating over 2, we
can show that

[7AE; ) [VAE;
o (=52 | F el VULl < 0 | =57 )+ (K@ VY4l Vde < 0. (5.10)

In fact, we can compute

113
o

OV = 0V = 0
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2
[V dx =0,
2

- VY lYe = @ - Vs lvos :/Qu-v
(V- K@V Wa)a = — fQ (KQVY) - Vs dx = —(K @)V V)0,

Integrating (5.10) with respect to ¢, and using the fact that {4 (0, x) = 0, we
conclude that ||w+(t)||% = 0 for ¢t € [0, T+(z0)). Hence, ¥4 (¢, x) = 0 for
(t, x) €10, T1(z0)) x Q.

(b) This part follows directly from Theorem 5.1(b), the proof of Proposition 5.2 and
the fact that

[z (—u-Vu+ V- (WO)Vu) =V - (Vm O Vm)+ V- (FF"))]
€ CY(E1 , (J1), Lp u(Jr; Lp(S2; RY))).

6. Stability and long-time behavior

In this section, we will study global existence and stability of solutions to (1.1). The
next theorem establishes the long-time behavior of solutions.

Theorem 6.1. Assume (2.1), (3.2), |mg| = 1, and the positivity condition 6y > 0.
Let 7 = z(-, z0) be the solution of (1.1), defined on its maximal interval of existence
[0, T4 (z0)). Then, the following properties hold.

(a) We have the following alternatives:

(1) T+(zo) = o0, that is, z is a global solution,

(i) lim z(t) does not exist in X, ;.
t—T4(z0)

(b) Suppose

sup  [lz(D)llx, ; < oo forsomed € (0, Ty (z0)) and some [ € (1, 1].
1€[8,T+(20))

Then, z exists globally and dist(z(t), ) — 0in X, 1 ast — oo.

Proof. (a) We will prove the assertion by following the strategy in [32, Corol-
lary 5.1.2]. Assume that 74 (z9) < oo and z(-, zp) converges to some Zzj in
Xy ast — Ty(z0). Lemma B.1 implies that B(z1)z; = 0. Combining Theo-
rem 5.3(a) and the assumption, we have that there exists an > 0 depending on
ming 6 such that

disty, , (z(r), 8V,) = n, forallt € [0, Ty (z0)), ©6.1)

where V, = {z = (u, F,0,m) € X, ,, : 6 > 0}. We thus infer that z; € SM,,.
Then, the orbit V := {z(#) : 0 < t < T4(zo)} is relatively compact in SM,,.
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(b)

It follows from Theorem 5.3(b) and a compactness argument that there exists
Ty > Osuchthatforeachs € [0, T4 (z0)), system (3.1) with initial value z(s) has
aunique solution in £y, (J7;)). Fixing so € (T4(z0) — To, T+ (z0)), system (3.1)
with initial value z(so) has a solution v € Ej 1(Jr,), which, by uniqueness,
coincides with z(so + -, zo) on [so, 7+(z0)). In view of Proposition 5.2, the
solution Z(+, zo) of (1.1) can be extended beyond T (z0), a contradiction.

We will prove the assertion by following the strategy in [32, Section 5.7]. By
Theorem 5.3(b), the system (3.1) defines a local semiflow on SM,,. From the
assumption and the compact embedding

Xymw = Xy,

we infer that the orbit V := {z(f) : 0 < t < TT(z¢)} is relatively compact in
SM,,. Denote the closure of V in X, ,, by V. It follows from a similar argument
as in part (a) that there exist a number 7y > 0 and an open neighborhood I/ of V
in M, such that for every Zy € U, (3.7) admits a unique solutionz € Ey , (J7,).
Moreover, the solution map G| : U — Ej ,(Jg) is continuous. This implies
that for any ¢ € [0, 75 (z0)), the solution of (3.7) with initial condition z(¢) exists
on the interval [, t + Tp], which further shows that T’ (zo) = oo. Now it follows
from Proposition 5.2 that the solution to (1.1) is global.

As above, one sees that (3.1) also defines a local semiflow on S M, equipped
with the metric induced by X, ;. It follows from the inequality

Iz(To)llx,, < llzllcqr/2.n:x,.0 < CTo)zIE, (1072, 70D
< C(To)(To/2)" llzlzy , (s,

that the map G, : Ky, (J1)) — Xy,1 : 2 = z(Tp) is continuous. This implies
that the composition map G = G20 Gy : U — X, 1 : z = G1(2)(Tp) is
continuous. We thus infer that the orbit {z(¢)};> 7, is relatively compact in SM
because the continuous image of a relatively compact set is again relatively
compact. Recall that the definition of w-limit set of (3.7) is given by

w(zo) '={w € Xy, 1 : Ity — ocos.t. ||z(ty) — w||X%] =0asn — oo}.

By [1, Theorem 17.2], w(z¢) is nonempty, compact, connected in SM and
lim disty, , (z(1), ®(z0)) = 0. (6.2)
—00 ’

Now following a similar computation as in [10, Proposition 4.1], we can show
that —N is a strict Lyapunov functional for (3.1). Therefore, w(z9) C £. Com-
bining with (6.2), this implies

lim disty, ,(z(z), ) = 0.
—00 ’
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Our last result is about the qualitative behavior of solutions near constant equilibria.
Consider the set of constant equilibria of (3.7):

& := {0} x {03} x R} x R?

which is a subset of &, the set of equilibria. Let z, € & be given. Then, one readily
verifies that

([A"(z)z]zx, F'(z0)z, [B'(z1)2]zs) = (0,0,0), z € X;. (6.3)

Therefore, the linearization of (3.7) at z, € & is given by

Asz = Az4)z
—u@)PyAu 0 0 0
_ 0 —k(0)AF 0 0
B 0 0 —K(z):V% 0 ’
0 0 0 (BODMOn) — a(0:)13) Am

Biz = v - tryn(K(z+)VO), 2=, F,0,m).

Note that (A, B,) € L(X1, Xo x Y1), where ¥; = W, "/?(3Q). Hence, Ay :=
A.ln@,) is well-defined, where N (B,) is the null space of B,.
The next result will be important for proving stability of constant equilibria.

Proposition 6.2. Each constant equilibrium z, € & is normally stable.

Proof. By definition of normal stability, we need to show that

(i) near z, & is a C'-manifold in X of finite dimension,
(ii) the tangent space of & at z, is isomorphic to N(Ap),
(iii) O is a semi-simple eigenvalue of Ay, i.e., Xo = N(Ag) & R(Ap),
@iv) o(Ap) \ {0} C {z € C: Rez > 0}.
We immediately see that (i) is satisfied, as &, is a linear space of dimension 4.
Suppose z = (u, F, 0, m) is an eigenvector of Ag subject to an eigenvalue A € C,
i.e., Agz = Az. In other words, B,z = 0 on 92, and A,z = Az in Q. Taking the inner
product of the later identity with 7 and using integration by parts, we can derive

Re Al|z[13 = n@)IVul3 + k@) VFII3 + Re (K () VO|VO)q + (6, Vm |3
> Wl Vull3 + €| VF3 + ¢ VO3 + | Vm|3,

where we use assumption (2.1) and the fact that Re (M(m,) Am|m)q = 0 (see [10,
Section 3]). Hence, Re A > 0. Furthermore, when Re A = 0, we get that z € {0} x
{03} x R x R3, thus 0 (Ag) NiR = {0} and N(Ag) = {0} x {03} x R x R3. This
shows that (iii) and (iv) hold true.

Finally, we show that 0 is a semi-simple eigenvalue. Since Ap has compact resolvent,
it suffices to show that N (Ag) = N(A%). Since N(Ag) C N(A(z)), we just need to show
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N(A3) C N(Ap).Forw = (v, J,9,n) € N(A3), let z = (0, 0,0, m) € N(Ap) such
that Agw = z. Then, we can compute

1215 = (Agwl2)e = (=K (z4) : V*¥10)q + (BE:OMn.) — a () 13) Anlm)q = 0,

where we use the fact that 6, m are constants in N(Ag) and B,w = 0 on 02. Hence,

Aow =z =0and w € N(Ap). This yields that O is a semi-simple eigenvalue.
Finally, it follows from [33, Remark 2.2] that all equilibria near z, are contained in

a C! manifold of dimension 4. O

By adapting the proof of the generalized principle of linearized stability provided
in [32, Section 5.3], we can obtain the following stability property of &..

Theorem 6.3. Assume (2.1) and (3.2). Then, each equilibrium z, € & is stable in

Xy, - Moreover, there exists § > 0 such that if |zo — z«llx,, < 6, then the solution

z of (3.1) with initial value zq exists globally and converges to some 75, € E. at an
exponential rate in X, 1.

Remark 6.4. We do not know of physical or mathematical principles that would help
in characterizing the equilibrium state 7o, € &.

Proof of Theorem 6.4 1t will be convenient to center (3.7) around z,, by setting 7 =
z — z4. Then, (3.7) can be rewritten as

7+ AzZz=G®) in
B:z=H(®) on 9%, (6.4)
720)=20=z0— 2z« in 2,
where
= —((Az« +2) = Az)) (2 + ) = [A'(2)7]2s) + Flze +2) — Flz4)
- F/(Z*)E
H®) = —(B(z: +2)(zx +7) — B(z)3)
= —((B(zx +2) = B(z2)) (2« +2) — [B'(z4)z]24).
Here, we used (6.3) and the relations (A(zx)z«, F(z4), B(z«)z+) = (0,0, 0) for the
second line in the expressions of G(z) and H (z), respectively.
Theorem 5.3 shows that (6.4) has a unique solution z on some maximal interval of

existence [0, 7).
In the following, we use the notation

X5 = N(Ag) = {0} x {03} x Ry x R?,  X§ = R(Ap).

We know from Proposition 6.2 that Xo = X{ @ X{. Let P¢ be the projection from Xy
onto X, and P* the projection onto X§. Then, we set in =P'X;,je{0,1,(y, )}
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We point out that X; = X; N X3 and P°X; = X¢. Therefore, in the sequel, we
will simply be using X€, equipped with the norm induced by Xo. As X€ is finite
dimensional, the projections P¢ and P* also provide the direct decomposition X ; =
XX ;

Following the arguments in parts (b) and (c) of the proof of [32, Theorem 5.3.1],
near z., we decompose 7 as

Z=Xx+Yy:=P2Z7+P7z

Based on these notations, we define the normal form of (6.4) as

X =T(X,Y) in  Q,
oy +PAPY=R(X Yy in €,

(6.5)
B.y = S(X,y) on 0%,

X(0) = X0, Y(0) =Yo in Q.
Here, X9 = P°Zp, Yo = P*Zp and

T(x,y) =P (G(x+Yy) — G(x)) — P°A,y,
R(x,y) =P (Gx+Yy) — G(X),
SX,¥y) = HX+Yy) — H(X).

We note that G(x) = 0 for X € X¢. We, nevertheless, include this term for reasons of
consistency. It is clear that 7(x, 0) = R(X,0) = S(x,0) = 0. ]

Before proceeding with the proof, we list a result for a linear version of system (6.5)
that will be needed in the sequel. It reads as follows.

Lemma 6.5. Let T > 0. Then, the linear problem

o,y +PAPY=f1t) in Q,
B.y=9@F) on 09,
yO) =y in K

admits for each initial value yo = (uo, Fo, 6o, mo) € X;,ﬂ and each function
f,9el,, Ur; Xy xF.(Jr)

satisfying the compatibility condition B, yy = g(0) a unique solution
e W, ,(Jr: X3) N Ly u(Jr: X3).

Moreover, there exists a constant My, which is independent of T € (0, 00), such that

IVIE, () < Mo (Il sy + 1G1IF, () + Iy0llx,,,.) -
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Proof. The proof can be reproduced line by line by following the proof of [33, Propo-
sition 3.3].
We will now continue with the proof of Theorem 6.3. Suppose that

Xo € Bxc(0,8) and yg € BX%‘ 0, 8) (6.6)

for anumber § > 0 to be determined later. We already know that (6.4) has a solution z
withinitial value Zp = Xo+Yo on maximal interval of existence [0, 7';), or equivalently,
(6.5) has a solution (X, y) on [0, T4).

As in [32, Theorem 5.3.1], we can show that there exists some constant C; > 0
such that

IT X, Ylxy = Cillylx;s

(6.7)
IRX, YIxy = PM)Yllx,

for all X € Bxc(0,r) and y € BX%L (0, ) N X1 with sufficiently small » > 0. We
recall here that ®(r) — 01 as r — 0. Define

wo = %inf{Rek A eo(Ay)\ {0}}.

For any w € (0, wp), we define the map e, : Lijoc(Ry) = LijoceRy) 1 u —
e® u(r). For arbitrary T € (0, Ty), we will establish an estimate of the form

lewSX WIF, (1) = P lewYllE . (7)- (6.8)

For z; € X, ;.1 = 1,2, we have the estimates

whenever [|X(1) | xo. (X+Y)(®)llx,,, <7.t€[0,T].Let K(2) = K (z4+2) — K (z4).

IK @Ol y2e2p gy = PUlzelix,, + 121llx, DNzt 22 ).

(K1) — K@) < @Uzellx,, + Y llzillx,, )@ — 2@, x e,
=12
6.9)

in view of Lemma B.1 and a mean value theorem argument as in Lemma B.2.
We set X = (uy, F1,601,my) andy = (uz, Fp, 60, mp) forx € X“andy € X;M It
holds that

S(X,y) = v - try, (K (X 4 Y)V6)).

Note that, in the above computations, we have used the fact that VO; = 0, which
follows from the fact that X € X¢ = {0} x {03} x R x R3. We start with the Ly -
estimate, which reads

lewSX YL, . (17 L,0%)
< O lewtrs(VO)IIL, . (r:L,02) < W) lewYlE, , r)- (6.10)



9 Page 34 of 51 H. DU ET AL. J. Evol. Equ.

In (6.10), we have used (6.9) and the assumption ||X + y||XW < r. |lexSX,y)
. . . . 1-1/p

| Lp,}L(-]T;W;il/p(aQ)) can be estimated in a similar way by observing that W), (092)

is a Banach algebra, as p > 5 > 3. Letr = 1/2 — 1/2p. It follows from Lemma A.4

that

p
[ewS(X’ Y)]W;_M(JT;LP(ag))

< ClleaS W, (i1, 09)

p / / [s' e IR @) = KEIVORO] ) e
B

(t —s)l+rp

ds dr 6.11)

1
T

5171 K (Z()V [62(1) — 2(s)]7
+C[/ | ’ 2Oz, 0 ds dr. (6.12)
B

} (t _ s)1+rp
To estimate (6.11), we recall that X = X{; and observe that for
(s,1) € B} ={(5,1) € (0, T)*:0 <t —5 < 1},

we obtain
Is' e (1) = XD o0 < lIs' e (x(1) = x())I,
5y : (t = s)IFer

C t P
( / T TR IT (X, ) (D)l x, dr)

<
(t— S)H—ozp

C t P
( / ey (D), dr)

<
(- S)H—otp

(6.13)

(s+DAT
sca-9f ([ ey, dr ).
N
(6.14)

for some constant C whichisindependentof 7 € [0, 7;),where § = (1—a)p—2 > 0
due to (3.2), and (s + 1) A T := min{s 4+ 1, T}. We have used (6.7) in (6.13) and
Holder’s inequality in (6.14). Observe that

(s+DAT
f/ (t —s)P / tWPle,y (D)% dT | dsdt
B} K !
T p(s+D)AT (s+ AT
=f / (t —s)P / tPle,y ()%, dr | dids
0 K K
T ,r(s+DAT 1
< / / 7P e,y (0) 1§, dr ds (/ tP dt)
0 K 0
T T 1
= (/ ,(1—mp||ewy(z)||§’(l dr/ ds) (/ P dt)
0 (t—1)v0 0
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1
p
= mH%YHEWUT), (615)

where (t — 1) vV 0 = max{r — 1, 0}. Employing (6.9), (6.14), (6.15) and Lemma A .4,
we have

1=1e™ K Z(1)) — K (Z()1V6a (1)
//1 ” 2 ”L (asz)d dt
B

(t — S)1+rp

Ly (3€2)

s!=res (x(1) — X(S))|
o],

S)1+rp

I=1e®s (y (1) — y(s))
// st ey s ”L G,
B (t —s)ltrp

< ®Wleayl, )

dsdt + ®(r)

where we have used the fact that [[V62(7) [« < Clly(?)|x,, < Cr. The estimate for
(6.12) is a direct consequence of (6.9):

1=1e® K (Z(s)V [62(1) — 62(5)]
// ” 2 2 ”L »(3Q) ds dr
B]

(t _ S)1+rp

s17He® YV [02(1) — 02(s5)]
<o) //1 I2,00 ds dr.
BT

(t —s)lttrp
Summarizing the above discussion and applying (6.10) and Lemma A.4, we have
p P P
[ewS(X, y)]W[r),H(JT;Lp(g)Q)) < ®(r) ”ewy”]El'M(]T) + @(r)llex Vo2 ”W;;,;A(JT;LP(BQ))
P
= <1>(r)||€wYI|]El_M(JT)-
In the last step, we have used the embedding
Wy 2P Urs Ly(@Q) 0 Ly o (Irs Wy P (09) = Wi (Jr: Who9)),

see for instance [28, Proposition 3.2], and [28, Theorem 4.5]. This yields (6.8).
Fix r > 0 so that estimates (6.7) and (6.8) hold. We put

to = sup{t € (0, Ty) : [X(D)lxo. lY(Dllx,, =71 te€[0,1]}.

Assume that ) < 7. Then, Lemma 6.5 implies

lewYllE, . (sy) < Mo (||y0||xy,,t + llewSX, YIF, () T llewR(X, Y)||JE0,,L(J,O))
=< Mollyollx, , + ®)llewylE, -

Choosing r > 0 sufficiently small so that ®(r) < 1/2 yields

lewYllE, (1) < 2MollYollx, .,
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which further implies that

lewYllco.nnx,,0 < Millyollx,, -

We can derive an estimate for X by using (6.5) and (6.7):

t
IX(Mlx, = IXollxq +/O 17X, y)(Dllx, dt

t
_ 11—
< IXollx, + Ci / T [Ty () Iy, d
0
< lIxollxo + CllewYllE, .4y = IXollx, + M2llYolx,,, -

In the last line we employed Holder’s inequality and u > 1/p. By choosing § <
r/2(1 + My + M>), where § was introduced in (6.6), we have for all Xg € Bx«(0, §)
and yg € BXi.u (0,8) and all ¢ € [0, ty)

IX®xo + IyDllx,, = IXollx, + M1+ M)llYollx,, =<r/2,

a contradiction to the definition of #y. Therefore, 1y = T,. With the choice § <
r/2(1 + M| + M), the above discussion shows that there exists a constant M3 > 0
such that for any #; € (0, T}),

IZllcqo,n1:xy 0 + IZIE (7)) = M3.

Let 7 € (0, t1) be fixed and let  be any number in [z, f1]. Then, we have

IZOlx,, < sup [1Z&)x,, < COIZIE, (r.0) = C(T)T”_lIIZIIJEW([r,zl])
s€lr,11]

< C()t" ' M.

This implies thatz € BC([z, Ty), X, 1). Theorem 6.1 then implies that 7y = oo. The
rest of the proof is exactly the same as part (f) of the proof of [32, Theorem 5.3.1]. [J
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Appendix A: Properties of fractional Sobolev spaces with temporal weights

For r € (0, 1), fractional Sobolev spaces with temporal weight can also be defined
by means of interpolation. It then holds that

W Uri X) = (LM(JT; X), W), (r; X))r’p,

where the symbol = means equivalent norms; see [26, Proposition 1.1.13], or [28, equa-
tion (2.6)]. The corresponding norm is called the interpolation norm of W;, LT3 X).
It is pointed out in [26, Remark 1.1.15] that the equivalence constant between the in-
trinsic norm (1.5) and the interpolation norm of W,’,’M(JT; X) blowsupas T — 0.
Using interpolation norms can cause difficulties in obtaining uniform estimates for
nonlinear terms on short time intervals (0, 7') that are independent of 7. This diffi-
culty can often be circumvented by using intrinsic norms.

In this section, we establish some useful results for fractional Sobolev spaces with
temporal weights by exclusively using intrinsic norms. These results are also interest-
ing in their own right. Analogous results have been obtained in [26], see also [28], by
using interpolation norms. For instance, it is shown in [26, Lemma 1.1.15] that there
exists an extension operator £ : OW;’M(JT; X) —» 0W1r7,u(R+; X) whose norm is
independent of T, where both spaces are equipped with the corresponding interpola-
tion norms. The merit of Proposition A.4 lies in the fact that we can completely rely
on intrinsic norms. This greatly facilitates deriving estimates for nonlinear boundary
terms.

The results obtained in this section employed in obtaining estimates for nonlinear
mappings, but are also of independent interest. We recall that

oW, z(Ur; X) == {u € W, z(Jr; X) : you = 0},

where r,u € (1/p, 1] withr +7& > 1+ 1/p, and X is a Banach space; see [28,
Proposition 2.10].



9 Page 38 of 51 H. DU ET AL. J. Evol. Equ.

Lemma A.1. Let X be a Banach space. Given p € (1,00) and r,u € (1/p, 1]
such that r + > 1 + 1/ p, there exists a constant C > 0, which is independent of
T € (0, oo), such that

T 1/p
( / A MO dz) < Clullws,,r:x)
A ,

forallu e OW;?,M(JT; X), where OW[';,/L(‘]T; X) is equipped with the intrinsic norm.

Proof. The case r € {0, 1} follows from the definition of L, ,(Jr; X) and [26,
Lemma 1.1.2(b)]. When r € (0, 1),

T 1/p
( /0 r<1“’>P||u(t)||§dt>
T t p 1/p
= (/ (t_”_rf ()l x ds) dt)
0 0
T t p 1/p
(f (t_“_r/ flu(z) —M(S)ledS> dl‘)
0 0
T ! P 1/p
+ (f <t‘“"/ lu(s)ll x ds> dt> . (A.1)
0 0

We will use Holder’s inequality to estimate the first term in (A.1) as follows:

T t p 1/p
</ <t_“_' / llu(t) — u(s)|lx ds) dt)
0 0
T t ! , p/p'
< (/ t(n=rip (/ s(lf“)pHu(t) _ u(s)||§ds) (/ gu=Dp ds) dl)
0 0 0
T t 1/p
<C (/ T (/ sU=PP Iyt — u(s)||§ds> dt)
0 0

< Clulwy ,(r:x)-

IA

1/p

In the last line, we used that 1/t < 1/(t — s) for s € (0, t). Observe that it follows
from the condition u € (1/p, 1] that (u — 1)p’ > —1. To estimate the second term
in (A.1), we will apply Hardy’s inequality, c.f. [32, Lemma 3.4.5], to obtain

T t P 1/p 1 T a : ) 1/p
—pu—r —u—r)p
(/0 (t fonu(s)nxds) dr) e Py (fo ‘ ||u<r)||xdr> .

Hence, we have shown that

1

T r : I/p
t —*‘—fpnu(r)n”dr) < Cllullwr  pixy + ——————
(/o X pr X0 1 p)

T 1/p
(/0 tIETOP () 1R dt> .

In view of the condition » + = > 1 4 1/ p, the asserted estimate then follows. O
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Lemma A.2. Suppose v € [0, 1]. Then, we have

p
(tlfu _ s17u> <Pt — )P and P — R P < sBEDPR ()P,

0<s <t <oo.

Proof. The assertions are clear for u € {0, 1}. In case u € (0, 1), we obtain
(tl—u _ sl—u)p — tU=wp (1 _ (s/,)l—u)p < td=wp (1= (/)P =17* (1 —5)P.

This estimate, in turn, yields

|t“_1 _ Su—1|p — S(u—l)pt(u—l)p(tl—u _ SI—H)P < S(M—l)Pt—P([ — 5P,

O

Foru € Ly joc(J1; X), we define (D, u)(t) := t1=1u(r), see [31]. It is then clear
that

D, Ly,(Jr; X) — Lp(Jr; X) is an isometric isomorphism, (A2)

and its inverse ‘:I);l is given by (<I>;1 v)(1) = t*~1u(¢). The next result shows that D,
induces an isomorphism for the Sobolev spaces OW[L, p(JT; X).

Lemma A.3. Let X be a Banach space. Suppose that r,u € (1/p, 1] andr + pn >
1 + 1/p. Then, it holds that

®,, € Lis(W),,(Jr: X). oW} (Jr: X))

s

Moreover, there exists a constant C which is independent of T € (0, oo] such that

I qD;L"‘ lwr

-1
v rx) = Cllullwrorx, 19 vllwrarx) < Clivliwg ,or:x)

P
(A3)

where the spaces are equipped with their respective intrinsic norms.

Proof. The first part of the assertion has been established in [28, Lemma 2.3], where

the spaces are equipped with their respective interpolation norms.

We will now establish the uniform estimates in (A.3) for intrinsic norms. The case
r = 1 follows readily from Lemma A.l. For the reader’s convenience, we include a
proof (see also [26, Lemma 1.1.3]). Suppose u € W[E’H(JT; X). Then, we obtain

1/p

T 1/p T
(@) 2,72 %) S(/O IIII’”M/(I)IIf(dt> +(1—M)</O l”“’llu(l)llf(dt>

< Cllull Wi, (Jr:X)»

where we used Lemma A.1 with r = 1. Suppose now that v € OW;,M(JT; X). Then,
we obtain

T T
oy < ot ar)” F -1 )% d
(P, VL, %) = A v ()l dt +ln =1 A vl dt

1/p
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=< ”v”W}(JT;X)’

where we employed, once more, Lemma A.l with r = p = 1. These estimates
together with (A.2) imply the assertion.

We will now consider the case r < 1 and r + u > 1+ 1/p. Suppose u €
oW;,H(JT; X). Then, we obtain

1/p
T @uu) (1) — (Duu) ()l
[Puulwrrx) = (/(; /(; o) ds dt

1/p
lu(t) — u(s)||y
(f / p(l—p) "ZA7 =W /IX (t — S)1+rp X ds dt)
l—u _ 1/p
</ / (t S)SWP llu ()15 ds dt)

1/p
< [ulwr sy X)+</ / f“P(t—s)(“’>l’*1||u(t)||§dsdt>
0 Jo

.
T 1/p
< lulwy ,r:x) +c(r, p) </0 el MO dl) (A.4)
< Cllullwy ,r:x)- (A.5)

We used Lemma A.2 in (A.4) and Lemma A.1 in (A.5).
Suppose that v € OWI’,(JT; X). Then, we obtain

T pt (D—l _ q> 1/p
[(®u)71U]W§u(JT;X) = (/ / s{—wp 1@, 0 - (2, W6l ds dt)
’ o Jo

(t_s)l+rp
1/
(/ / @) — vl d) :
(Z—S)H"'p
1 1/p
(/ / (- u)pn )slirp|l’”v(t)”§dsdt>

T I/p
< [ulwyrx) +¢(r, p) (/0 t_”’llu(f)llfgdt> (A.6)

< Cllullwyr:x)- (A7)

Here we used, once more, Lemma A.2 in (A.6) and Lemma A.1 in (A.7). O

Proposition A.4. Let X be a Banach space. Suppose v, € (1/p, 1l andr + p >
1 + 1/p. Then, there exists an extension operator:

Err oWy, Ui X) — oW, (Ry: X)

such that its norm is independent of T € (0, oo], where the spaces are equipped with
their intrinsic norms.



J. Evol. Equ. On a thermodynamically consistent model Page 41 of 51 9

Proof. We define the extension operator by

u(t) forO0 <t <T
Enpu(r) == | (E=) " u@T —1) forT <t <2T
0 for 2T <t.

The statement follows from Lemma A.3, [30, Proposition 6.1], and the commutativity
of the diagram
W X) % oW X
o X)  — oW,(Ur; X)
\L gJT \L gT

@ .
oWy Ry X) <= oW (R X),
where the extension operator £7 on the right side is defined in [30, Proposition 6.1]. [

The following result is used in Sect. 6 in order to show stability of (constant) equi-
libria.

LemmaAd. LetT > 0,r € (0,1), w e R, and u € (1/p, 1]. We then set
Br={(s,1)€(0,T)*:0<s <1t} and By ={(s,1) € (0,T)*:0<1—s<1}.

Suppose that X is a Banach space and u € er,’ uw(J73 X). Then,

1/p
s1= “e"”(u(t) —u(s))|%
[ewM]WI’,_M(JT x) < C||ewu||LpM(1T x) + ([/ X ds df

S)H—rp

=< Cllewullws, , (r:x),

where the constant C = C(p,r, w) is independent of T and e, : L1 joc(Ry) —
Litoc(Ry) tu— e“u.

Proof. Using (1.5), we estimate as in [22, Lemma 11] and obtain

lewttlwr , (J7:X)

1/
_ p(-w) ||ew’u(r)—ew*u(s)||xd " b
- Br\B) (t —s)lHrp
1/
. // e leu@ —eu@ly N
B} (t—s)tHrp
1/
el T ||s1 Is' ™ euly o\
t_s)1+rl7 t_s)1+rp
1/p
| —w(t—s) _ 1|]7
(// gPd=1 th||u(t)||X TR ds dt
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1/p
// gl gosp 1O —u @Iy
Bl (t —s)Hr
o g7 \Vr 1 dr 1/p
< llewtliL, , (r:x) 2(/1 1—1+rp) + c(w) (/O 1—]+(r—l)p>
1/p
+ // =1 ‘”"’Md dt
Bl (r — s)1+rp

t 1/p
= CllewttllL, , (sr:x) + (// sPU=1) wSPMd dt ) '
- P 3

(t — S)1+rp
In the derivation above, we have used that s < ¢ for (s, t) € By. O
Our next result deals with multiplication properties in weighted Sobolev spaces.
Lemma A.5. Let T, > 0 be given.
(1) There exists a constant C > 0, which is independent of T € (0, Ty], such that
luvle,r) < Cllulle, n IVIE, ), forallu,v e oF,(Jr).

(ii) There exists a constant C > 0, which is independent of T € (0, T], such that

luvle,r) < Cllulle,unVlE, 0, forall (u,v) € F(Jr) x oF1 . (J7),

where IF1 ;,(JT) is defined as
Fr(Jr) = Wy (Ir: L,(09) N C(10, T]; WP (0Q)).  (A8)

Proof. (i) The assertion follows from the fact that IF,(Jr) is a Banach algebra and
Proposition A.4. See also [26, Lemma 1.3.23].

(i) To explain the occurrence of the space C ([0, T']; W;“_3/p(3 Q)) in (A.8), we note
that

WP Urs Lp9) N Ly (Jrs Wy~ 1P (0Q) = € (10, T W7 (0)
see [28, equation (4.10)]. It is an easy task to check that

vl Cllvl

flael

WU WP ag) = Loo (s Wy P @@ WML, (arswy ™7 (092))

for some C > 0 independent of T € (0, 7,]. In addition, one has
lluvlly, 2120 g )
= IIUIIC(IO,T]XQ)IIMIIL,,,,L(JT;L,,(aQ)) vl g ga)- (A.9)

We can derive from Proposition A.4 and equation (1.4) in [29, Theorem 1.1] (by
choosing p; = ¢g; = pfori =0, 1, yo = (1 — w)p, and y; = 0) that

oWy Ui Ly(09) < oWy (s Lp(09)
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for s1 = pu — 1/p with embedding constant independent of T € (0, 7]. Due to
assumption (3.2), we have s1 > 1/2 + 2/p. This implies

oF1,u(Jr) = C7([0, T]; Lp(92))

for some o > 1/2 + 1/p with embedding constant independent of 7. Therefore, the
second term on the right-hand side of (A.9) can be estimated as follows:

uv
[ ] 1/2 12p (g, L,(09)

/ / Iu(t)v(t)—u(S)U(S)”L 0D
s

(t _ S)1/2+p/2

p
= Wl 0,715

[ul?

W a7V (s Ly (992))

T lv@) —v(s)I]
+/ / sPE lus) )7 LrOD gsdr

c(Q) (l _ s)]/2+p/2
[u ]p 1/2-1/2p
Wyl (Jr;Lp(382))

T
+I|U||£“([0,T];L,,(asz>)f0 /Sp(l M)””(S)”g(ﬁ)(t $)7P= I dsdr

P
= ol o, i ™

p p p
= Ple o, [”]w;(§*‘/2P<JT;L,,(asz>) + € ||”||C°<[0»T1:Lp<39>> lelly, orica
for some constant C; = C1(T) > 0 that is uniform in 7 € (0, T]. This implies
lwvly12-120 oy = CIVNoFL o 1VTE G-

where C = C(T) is uniform in T € (0, T]. O

Appendix B: Properties of nonlinear maps

In this section, we establish some mapping properties for the nonlinear operators
in (1.1). Our first step is to study the Nemyskii operators induced by the functions in
(2.1).

Lemma B.1. Suppose ¢ € C>(R) and X € {W[%”_2/p(9),W12,”+1_2/p(§2),
S, (Jr), B (Jr)}, where

B5 , (Jr) =W, ,(Jr: Wh(Q) N L, (Jr: WyT2(Q)), k=0, 1.
Then, the Nemyskii operator induced by ¢, still denoted by ¢, satisfies
¢ e Cl(X).
Moreover, given Ty, > 0

lp@) g, ) < € (Il9' @ llcllullE, ) + lle@lloo), u € Fu(Jr).  (B.1)

The constant C > 0 is uniform with respect to T € (0, Ty].
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Proof. The mapping property ¢ € C! (Egﬁ M(JT)) can be proved via direct computa-

tions and the fact that ¢ € C>(R). It follows from Lemma 3.1(b) that there exists a
bounded right inverse y; for the initial trace operator

2pu—2
v B3, (Ur) — WP ().
The C'-continuity of ¢ in Wﬁ“ —2/p (£2) then follows from the relationship

o) = vop(y§ W), ue WP (Q).

The case X = W,%“ +1=2/p (€2) follows from a similar argument. The assertion in
(B.1) has been proved in [26, Lemma 4.2.3(a)]. A close look at its proof shows that
the constant in [26, Lemma 4.2.3(a)] is uniform with respect to T € (0, Ti]. The
C!-continuity of ¢ in F,.(J7) can be derived from (B.1) by a mean value theorem
argument and the fact that IF,, (J7) is a Banach algebra. O

Next, we will establish some relevant mapping properties of the operators in (3.7).
For the analysis below, note that by Proposition A.4 and [28, Theorems 4.2 and 4.5],
there exists a constant C > 0 such that

lragulley i) < ClIlvlgy  (spyr v € B2, Ur), (B.2)

where the embedding constant is independent of 7' if v € OE% M Jr).

Suppose that ¢; € C3(R19), ¢ € C3(R*®) and ¢3 € C3(R?). In order to derive an
estimate for

IA(z1 4 22) — Az1) — A' (21228, (7r)

for proper functions z1, z2 € Ey ,(Jr), we will consider five types of mappings, given
by

G1(2) = 91(2)92(92),

Ga(2) = ¢1(2)9jjz,

G3(2) = ¢1(2)p3(dm), (B.3)
G4(2) = ¢1(2)p3(dm)d;jm,

Gs(2) = ¢1(2)|Am?,

where for any function z = (u, F,0,m) € Cl(Q, R16), we define 9z € C(2, R48)
by 8z = (912, 922, 932), and dm € C(2, R%) by dm = (9ym, dym, d3m).
All terms in .A(z) can be estimated by using one of the functions G;. For instance,
o terms like w’(0)9;00;u can be estimated by using G| with ¢1(z) = u'(9) and
$2(0z) = 9;00;u;
e terms like 1 (0)0;;u can be estimated by using G, with ¢1(z) = 1 (6);
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e the term K (2) : V29 = K;j(z)0;;0 can be estimated by using G, with ¢1(z) =
Kij(2);

o terms like o (0)|m|?|Vm|* can be estimated by G3 with ¢ (z) = «(9)|m|? and
¢3(dm) = |Vm|%;

e the scalar components of («(6)Iz — (6)M (m)) Am can be estimated by using
G4 with ¢3 = 1 and ¢ properly chosen;

e the term «(0)|Vm|> m - Am, appearing in the f-equation, can be estimated by
using G4 with ¢3(dm) = |Vm|? and ¢, properly chosen;

e lastly, the term « ()| Am|? can be estimated by using Gs with ¢1(z) = «(0).

Lemma B.2. Let the functions G;, 1 <i <5 be given by (B.3). Then,
G1.G2.Gs € C'(B1,,(Jr). B ,(J1)). G3.Ga € C'Ey,(Jr). g, (Jr)).

where Eg,u(h) =L, ,.Ur; W;(Q)), k = 0, 1. Furthermore, given Ty, Ry > 0, then
forany T € (0,Tp], R € (0, Ro] and any z1 = (uy, F1,01,m1) € Ey ,(Jr) and
22 = (u2, F2, 02, my) € oEy, . (Jr) satisfying

IzillB, s Nzl s 12208, ) < R,
the following estimate holds

1Gi(z1 +22) — Gi(z1) — G;(Zl)mllmgvu(m < ®(llz2llgy ) 122llEy (1) s
i=1,2,5,
1Gi(z1 +z2) — Gi(z1) — G;(Zl)mll]gg)#(h) < @(llz2llg ,sr)122MEy (1)
i =34,
(B.4)

where G is the Frechét derivative of G;.

Proof. The continuous differentiability of G; follows by direct computations. We will
only establish the estimates in (B.4). Easy computations lead to

Gi(z1+22) — Gi(z1) — G (z1)22
= (p1(21 + 22) — ¢1(z1) — 91 (21)22)) $2(021)
+ ¢1(z1 + 22) ($2(321 + 022) — ¢2(021) — ¢5(321)922)
+ (p1(z1 + 22) — P1(21)) P5(321)9z2.

Then the mean value theorem, Lemma 3.1(a), (3.3) implies

(6121 +22) = $1(z1) = ¢} (z1)22)) $2(321) ||Eg LT

1
/ /
< l1$23zD)lloc l1z2l00 /0 |#1G1+022) = d1G@Dgy () do
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< 162320100 1221l / |61 @1 + 022, llzallge (s, dodt
[0,1]1x[0,1] 0.1
< (22l ) 12208, (07

In the above, ¢’(z) denotes the Frechét derivative of the Nemyskii operator induced by
¢ and we have used the fact that ¢'(z) = Zjil 3j¢(z) @ e, where 3¢ is the partial
derivative of ¢. We will take advantage of this observation in the sequel. Note that the
function @ above is uniform with respect to T € (0, Tp] in view of Lemma 3.1(a).
Estimating in the same way, we have

6121 +22) ($2(921 + 922) — $2(021) — $5(921)922) llgg ()

< @22l ) 12208, (1)

The remaining terms can be estimated again by using the mean value theorem as
follows:

(@121 +72) = @1GD) $5 020022l (5

1
< 16502D) oo 19221100 / (111 + 022l 221159 (sy)) do
0 N
< ®(lz2llg, (7)) 1221IE; (1) -

The estimate for G3 and G5 can be obtained in the same manner in view of the
additional regularity of m.

The estimate for G, will be slightly different in the sense that we need to evaluate
0ijzk, k =1, 2, by using the ]E87M(JT)—norm. First, notice that

G2(z1 + 22) — G2(z1) — G5 (21) 22,
= (¢1(z1 +22) — d1(21) — @) (21)22) Bijz1 + (P1(21 +22) — d1(21)) Byjz2.

Then,
I (@121 +22) = $1z1) = ¢ (21)22) izl (s
1
< 1921l (g 220 /0 |1 (21 + 022) — B1(z1) | o, do
< @(lz22llE, ) 12208, (1)
Similarly,

| (1(z1 + z2) — ¢1(z1)) 8ij12||[E8 L) = O (lz22lE, ) 122118, (1) -

The estimate for G4 can be derived in a similar way by utilizing the additional regularity
of m and the facts that

Go(z1 + z2) — Ge(z1) — G/é(zl)12||c([()j];cl(§)) = q)(||12||c([()j];cl(§)))
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I22lleqo.ricr @)
1Go(z1 + 22) — G6(Z1)||C([0,T];Cl(§)) = M”Z2”C([O,T];C1(§))’

where Gg(z) = ¢1(2)¢p3(dm). =

We are now ready to establish the differentiability of (A, B, F) as operators defined
onEy , (Jr).

Proposition B.3. Assume (2.1) and (3.2). Then,

A€ C'(E1,(Ur), Bou(r), Az =A@z + A @)zlz,
F e C'(E1,,(J1), Bo u(J1))),
B e C'(E1,(Jr), Fu(Jr), B'(z:)7 = B(z4)z + [B'(z:)2]zs,
forzy, z € By, (Jr), where the mappings (A, B) were introduced in (4.12). Moreover,

given Ty, Ry > 0, then for any T € (0, Tyl, R € (0, Ro] and any z. € E1 ,(Jr),
z € 0By, (Jr) satisfying

ltraQz«llF, (rys tra@Vaslr, s z<lB, or)s 1z<lE, o)y NzllE 0r) < R,
the following estimates hold:

[Azs + 2) — A(zi) — A (20)zllEy . (07) < PUIzlE, ) IZIE )
IF(z+ +2) — F(ze) = F'(z)zllEg ) < @UzlE o) I2llE ) (BS)
1B(zx + 2) — B(zs) — B'(z:)zllF, () < PUzlIE, (sr)IZIE,, (57)-

If, in addition, 7 € K1, (J1) with 2,(0) = Z(0) satisfies

ltroQzllF, (7). Itta@VZliE, ), IZIE ), 128,00 < R,
then the following estimates hold

A" (z)z — A @zllE, .01y < PUlzs — ZNEL (D IZIELL (1)
IF' (z4)z = F'@zllEy o) < @z = ZlEy, o) 12IE,, (7). (B.6)
1B'(z4)z = B'@)zllF, () < Plzs = ZlE, or)IZIEL . (J7)-

Proof. The continuous differentiability of .4 and F and the first two estimates in
(B.5) are immediate consequences of Lemma B.2. The continuous differentiability
of B is a direct consequence of Lemma B.1 and the fact that F, (Jr) is a Banach
algebra. To establish the last estimate in (B.5), we set z = (Z,/)}'621 = (u, F,0,m)
and zx = (uy, Fy, 04, my). Then, we can apply (B.1), (B.2), Lemma A.5(i) and (ii),
Proposition A.4, and [28, Theorem 4.5] to obtain (where we suppress tryq in the
following computations)
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1B(zx + 2) — B(z4) — B'(z4)zlIF,, (s7)

[(/01 (K'(z4 +02) — K'(24)) d(f) z} Vo,
+ H [(/01 (K'(z+ +02)) da) z] Vo

1
<C ”/ (K'(z4 + 02) — K'(z4)) do
0

=

F.(J7)

]F;L(«IT)

I1VOllr, sr) NzllE, )
]FU.(‘/T)

1
+C‘/ K'(z« +02)do IVOIF, ) 12llF . r)
0

Fu(J7)
< Olzllg, o) IZIE . r)-

This establishes the last estimate in (B.5).
Concerning the estimates in (B.6), we will only establish the last one. The remaining
two follow from a similar argument.

18" (z4)z — B'@)zllr, () = IB(z4)z — B)z — [B'(z4)2]2« + [B' @ 2]zlIF, (1)
< IB(z+)z — B@)zllF, (sr) + IIB'(z4)2]z4 — [B' @)z )ZIF, (s7)-

Letz =, F,0, m). Then, the first term on the right-hand side can be estimated by
using (B.1), (B.2), Lemma A.5(i) and (ii), Proposition A.4, and [28, Theorems 4.2 and
4.5] as follows:

IB(z:)z — B@zllr,p) = ClIK (@) — K@lIE,un IVOE, (1)

1
<c / 1K @20 + (1 — D5, (17 do Iz
0
—zllFy o IzlEy ()
< @(llzs =zl o) NZIE ()
The estimate of the second term can be obtained analogously:

I1B'(z:)zlzx — [B' @2Jzllw,, (1)
<K' @)2IV O = O)llw, ) + 1K (@) = K'@)21V6 g, (1)

16
<C (MK/(z*)an,‘uTnvw* = DlE, o + D 10K @) = ;K@) lIg, Iz jve||F,L(J,.))
j=1

< C(IK' G, ) + PRINIVOIE, i) 121E, 0125 — ZNE . ()
< D(|lzs — z”]E]_,,(JT))”Z”]El‘#(]T)'

O

To study the continuous dependence of solutions to (3.7) on the initial data, see
Theorem 5.1(b), we need the following result.
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Lemma B.3. Let B be as in (4.12). Then, we have

(@) BeC'(Xyu. Yy ) and B'(z0)z = B(z0)z + [B'(z0)zlz0. 20,2 € Xy u.
(b) For each zo € X, ., B'(z0) € L(Xy 1, Yy u) has a bounded right inverse
R(ZO) (S L(Yy’yﬁ X]/,/L)‘

Proof. (a) By Lemma 3.1, the trace operator o € L(Ey ,(Jr), X, ) has a right
inverse y5 € L(X, ., E1,,.(J7)). It is then easy to see that B(z) = 7 B(y; (2)),
where 7 denotes the initial time trace operator for functions defined on F, (J7).
The assertions then follow from Proposition B.3.

(b) The existence of R(zq) is proved in [26, Proposition 2.5.1]. ]
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