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Abstract

For any bounded smooth domain € C R?, we will establish the convergence of weak solu-
tions of the Ginzburg-Landau approximation of the simplified Ericksen-Leslie system to a
weak solution of the simplified Ericksen-Leslie system associated with either uniaxial or
biaxial nematics, as the Ginzburg-Landau parameter tends to zero. We will also show the
compactness property of weak solutions to the simplified Ericksen-Leslie system associated
with either uniaxial or biaxial nematics. These results follow from the compensated compact-
ness property of the Ericksen stress tensors, which are obtained by the Pohozaev argument
for the Ginzburg-Landau approximation of the simplified Ericksen-Leslie system and the
LP-estimate (1 < p < 2) of the Hopf differential for the simplified Ericksen-Leslie system
respectively.

1 Introduction

Let @ C R? be a bounded domain with smooth boundary, and N' C RE (for L > 2)
be a smooth compact Riemannian manifold without boundary, and 0 < 7 < oco. We will
formulate a simplified Ericksen-Leslie system modeling the hydrodynamics of nematic liquid
crystals with the orientational director field taking values in \V:

up4u-Vu—Au+VP =-V- (Vv V),
V.u=0, in Q7 =Qx(0,7), (1.1)
vy+u-Vo=Av+ A(w)(Vv, Vv),

where (u(x, 1), v(x,1), P(x,1)) : Or — R? x N x R represents the fluid velocity field,
the orientational director field of the nematic liquid crystal material valued in A/, and the

pressure function respectively, (Vv ©) Vv)l.j = Vx,v - Vx;v fori, j = 1,2 represents the

Ericksen-Leslie stress tensor, and A(y)(-, -) is the second fundamental form of N in RE at
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the point y € N. We remark that the formulation of the third equation of (1.1) arises from
the fact that the angular momentum balance law for v obeys the constraint v(2) C A, which
holds for any spatial dimension of 2.

This simplified Ericksen-Leslie system (1.1) into N covers and unifies two important
cases in the hydrodynamics of nematic liquid crystals:

(1) If N = S2, then the system (1.1) reduces to the simplified Ericksen-Leslie system for
uniaxial nematics proposed by [4, 15], and [17]

8,u+u-Vu—Au+VP:—V~(Vv®Vv),
V.u=0, in Or, (1.2)
v +u-Vu=Av+|Vv|,

for (u(x, 1), v(x, 1), P(x,1)) : Or — R? x $? x R. In dimension two, the existence
of a unique global weak solution of (1.2), under an initial and boundary condition, has
been proved in [22, 25], which satisfies the energy inequality and has at most finitely
many singular times, see also [9, 10], and [32]. Very recently, the authors in [14] have
constructed an example of finite time singularity. In dimension three, a global weak
solution has been constructed in [24] when the initial data vy € Si. Examples of finite
time singularity have been constructed by [11]. The reader can consult the survey article
[23] and the references therein.
2) If

N ={(1.y2) €S xS |y -y2=0} CRS,

andif wesetv(x, 1) = (n(x, 1), m(x, 1)) : Or — S*xS?, withn-m = 0, then the system
(1.1) becomes the following simplified Ericksen-Leslie system for biaxial nematics:

qu+u-Vu—Au+VP=-V-(VnOVn+Vmo Vm),

V.ou=0,

on—+u-Vn=An+ |Vn|2n +(Vn, Vim)m, in Q7. (1.3)
dm+u-Vm=Am+ |Vm|*m + (Vm, Vn)n,

n-m=0,

This is a simplified version of the hydrodynamics of biaxial nematics model proposed
by E. Grovers and G. Vertogen [6—8] which is based on the Landau-De Gennes Q-tensor
theory for nematic liquid crystals [2]. In dimensional two, by extending the techniques
developed in [25] the existence of a unique global weak solution to (1.3) has recently
been shown in [16], which is smooth off at most finitely many singular times.
A natural approach to construct a weak solution of (1.1), subject to the initial-boundary

condition (1.5), is to consider the Ginzburg-Landau approximate system of (1.1) (cf. [18]
and [19]). More precisely, for any § > 0 set the §-neighborhood of A/ by

N = {y e RE | dist(y, A) < 5},

where dist(y, V) denotes the distance function of y to N. Let ITnr : N5 — N denote the
nearest point projection map. It is well-known that there exists an §or = §(N) > 0 such
that both dist(y, \V) and TIx(y) are smooth for y € ANas,,. Let x(s) € C*([0, 00)) be a
monotone increasing function such that

s, if0<s <8%,

x(s) = {45}% if s > 462,
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Consider the following Ginzburg-Landau energy functional for the director field v : 2 —
RE:
1 2, 1 cf2
E.(v) = (§|Vv| + — x (dist® (v, N))).
Q &

Then the corresponding Ginzburg-Landau approximate system of (1.1) can be written as

u,—l—u-Vu—Au—l—VP:—V-(VUOVU),

V.u=0, | 4 in Q7. (1.4)
vi+u-Vu=Av— —ZX’(distz(v,./\/))d—(distz(v,./\/)),

& v

We would like to remark that due to the difficulty in showing the weak convergence of
the Ericksen stress tensors of v® to that of a weak limit v, it has been a challenging question
to ask if a weak limit (u, v) of (u®, v¥) solves the original Ericksen-Leslie system (1.1). See
for example [18].

The main purpose of this paper is to establish in dimension two: (i) the convergence of weak
solutions of the Ginzburg-Landau approximate system (1.4) to the simplified Ericksen-Leslie
system (1.1), and (ii) the weak compactness of weak solutions to the simplified Ericksen-
Leslie system (1.1).

To simplify the presentation, we will consider the following initial and boundary condition

(u, v)|a, 07 = (uo, vo) (1.5)
where 0,07 = (2 x {t = 0}) U (39 x [0, T]) denotes the parabolic boundary of Q7. We
will assume that (ug, vo) : 2 — R? x RL satisfies

uo|,g =0, wvo(x) €N forae. x € Q. (1.6)

We now introduce the following notations
H = Closure of C§° (2. R2) N {1 | V- f =0} in L7 (2, R?),
J = Closure of C§° (2, R2) N { £ | V- £ =0} in H (2, R?),
HY(Q,N) = {f e H'(Q,RL) | f(x) e Nae.x € Q}

We will assume that
up € H, vo € HY(Q, N). (1.7)

Recall the definition of weak solutions of (1.1).
Definition 1.1 Assume (1.6) and (1.7). For T > 0, a pair of maps u € L°°([0, T], H) N
L2([0,T1,)) and v € L%([0, T], H (2, N)) is called a weak solution to the initial and
boundary problem (1.1) and (1.5), if
- f (u, &) +/ (u-Vu, £p) + (Vu, EVo)
or or

=—s<0)f <uo,go>+f (Vv O V. £V0).
“ or (1.8)
—fQ <v,s/¢>+/Q Vv, £0) + (Vv, V)

—_£0) /Q (v0. ) + /Q (A(W)(Vv, Vv). £9)
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forany & € C°([0, T]) with&£(T) = 0,¢ € Jand¢ € H} (2, RE)NL®(Q, RE). Moreover,
(u, v)|aq = (uo, vo) holds in the sense of traces. Similarly, the notion of a weak solution
to the system (1.4) and (1.5) can be defined for u € L*°([0, T],H) N L2([0,T1,)) and
ve L2([0, T], H (2, RL)).

Our first main theorem concerns the convergence of weak solutions of the system (1.4) to
the system (1.1), as & — 0. We would like to remark that for any ¢ > 0, the existence of weak
solutions to (1.4) has been established by [18, 19] for A/ = S? c R3 by the Galerkin method,
which can be extended without much difficulty to the case that A is a compact Riemannian
manifold.

Theorem 1.2 Under the assumptions (1.6) and (1.7), for ¢ > 0 let (u®, v¥) be a sequence of
weak solutions to the Ginzburg-Landau approximated system (1.4) subject to the initial and
boundary condition (1.5). Then there exists a weak solution (u, v) of (1.1), subject to the
initial and boundary condition (1.5) such that, after passing to a subsequence,

ut—u in L*([0,T], H'(Q)), v*—v in L*(0,T], H (Q)).

In particular, the initial and boundary problem (1.1) and (1.5) admits at least one weak
solution u € L>®([0, T],H) N L*([0, T1,J) and v € L*>([0, T], H' (2, N)).

We would like to mention that when N” = SZ, the convergence of weak solutions (1%, v¥)
of the system (1.4) to a weak solution (u, v) of the system (1.2) has recently been proved in
two dimensional torus 72 by Kortum in an interesting article [12]. In order to deal with the
most difficult terms Vv® ©® Vv in the limit process, Kortum employed the concentration-
cancellation method for the Euler equation developed by DiPerna and Majda [3] (see also
[26]). Thanks to the rotational covariance of Vv® ©® Vv, the test functions can be taken
to periodic functions of one spatial variable to verify the convergence V - (Vv® © Vv®) to
V - (Vv © Vv) in the dual space of C(()),odiu(Q’ R?). The paper [12] left it open whether the
Ericksen stress tensors (Vv® © Vvf — % |V |21,) weakly converges to (VvO Vv — % |Vv|2I,)
as Radon measures.

In this paper, we make some new observations on the Ericksen stress tensor Vv © Vv,
that is flexible enough to treat any smooth domain 2 C R2. More precisely, by adding
—%|Vv£ |2]I2 to Vv® © Vv, where [ is the 2 x 2 identity matrix, we have

1 1 (18,0512 — |9,v%|3, 2(0, %, 3,0°)
£ e _ e121, — _ X y ’ xVU , Oy
Vo vy —aVuh =5 <2<axu8,ayu5), layve]? — |a,ve 2 )

This is a 2 x 2 matrix-valued function whose components consist of the Hopf differential of
map v®, which are |9y V|2 — |8yv£|2 and (9, v°®, dyv). Since v€ is either an approximated
harmonic map to N or an Ginzburg-Landau approximated harmonic map to N, we can
develop the compensated compactness property of the Ericksen stress tensors by the Pohozaev
argument (see, for example, Schoen [27] or Lin—Wang [20]).

As a byproduct of the proof of Theorem 1.2, we obtain the following compactness for a
sequence of weak solutions to the system (1.1).

Theorem 1.3 Let (uX, v*) : Or — R2 x N be a sequence of weak solutions to (1.1), along
with the initial and boundary condition (ué, vg) satisfying (1.6), such that

sup{/ (|u’<|2+|w"|2)+/ (|w’<|2+|vf+u’<~w"|2)}<oo, (1.9)
k>1 or or
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and if, in addition, we assume
(ug, vp)—(uo, vo) in L*(Q,R*) x H'(Q, 87,

then there exists a weak solution (u, v) of (1.1) with the initial and boundary condition
(1o, vo) such that, after passing to subsequences,

wF—uin L2([0, T1, H'(Q)), v —vin L*([0, T], H'(Q)).
Since the system (1.1) possesses the geometric structure, i.e.,
AW, ) L TuN

where T, is the tangent space of A" at vk, we observe that for a.e. r € (0, T), v*(, 1) :
Q — N can be regarded as an approximated harmonic map with L>-tension field 7 =
(v;‘ + u* - Vv¥)(., ). Hence we can show the weak convergence of (|dy vk 2 — |8yvk|2) to
(|0yv]> —19yv]?) and (3, v, 3,v¥) to (3, v, dyv) in L! by utilizing the LP-estimate, | < p <
2, of the Hopf differential of v¥ (-, 7).

The paper is organized as follows. In section two, we will prove some uniform estimates
on v¥ under a smallness condition on the Ginzburg-Landau energy. In section three, we
will establish the weak compactness of the Ericksen stress tensors of v¢ by the Pohozaev
argument and prove Theorem 1.2. In section four, we will prove Theorem 1.3 by establishing
the LP-estimates, 1 < p < 2, of the Hopf differential of vk,

2 Uniform estimates of inhomogeneous Ginzburg-Landau equations

In this section, we will establish uniform estimates on v¢ under the smallness condition on
the Ginzburg-Landau energy. More precisely, we will consider a family of solutions v to
the inhomogeneous Ginzburg-Landau equation:

1 d
AvE — —2X’(dist2(v5,N))d—(dist2(v5,N)) =7 in Q. Q2.1
£ v
We will assume that there exist 0 < A, Ay < oo such that
1 1
sup & (v°) :/ <7|Vv€|2 + —zx(distz(vf,/\/))> <A <00, (2.2)
O<e<l Q 2 &
and
sup ||rg H L2 < A2 < oo (2.3)
O<e<l

After passing to a subsequence, we may assume that there exist v € H!'(Q, M) and 7 €
L2(2, RL) such that
t* =7 in L*(Q), v —v in H'(Q).

Then we have

Lemma 2.1 There exists 8o > O such that if v¢ € H'(Q, RL) is a family of solutions to (2.1)
satisfying (2.2) and (2.3), and if for xg € Q and 0 < ro < dist(xg, 0€2),

1 1
sup / (§|w8|2 + 5 x(dist? (v°, N))) < 8. (2.4)
0<e=<1J By (x0) &
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then there exists an approximated harmonic map v € H' (B 0 (x0), N) with tension filed T,
i.e,
Av+ A(v)(Vv, Vo) =1, (2.5)

such that as ¢ — 0,
1
v > v in HI(B%O(XU)), and — x (dist*(@*, A)) — 0 in Ll(BrTo(xo)). (2.6)
&

Proof For any fixed x; € B%o (xp) and 0 < ¢ < %‘), define 7% (x) = v®(x1 + ¢x) : B1(0) —

REL. Then we have
d
ADE = x/(dist? (7, N))d—(distz('ﬁs,N)) +7° in By (0),
v
where 7% (x) = 27 (x] + X). Since

. d .
|av° ”LZ(B,(O)) < | x'(dist (ﬁ’N))%(dIStz(ﬁst)) ||L2(Bl(0)) + ”?E”LZ(B](O))

1
§C</ dist> (v, \) )"+ 7] gy = € + Ao
QN{dist (v8 N) <287}

Thusv? € HZ(B% )and [[V°|| y2¢p, ) < C(14Az). Hence by the Sobolev embedding theorem
7

we have that v° € C%(B%) and

51y, = C I

< 1+ A»p).
chany <C(+ Ay

(B1)
2

By rescaling, we get

[x —y]
&

1
[0 (%) = v )] = €1+ M) ( )’ Ry e B

We claim that dist(v®, N) < 8xr on B%o (x0). Suppose it were false. Then there exists
X] € B%o (X0) such that dist(v®(x1), N') > 8. Then for any 6y € (0, 1) and x € By, (x1),

it holds

_ 1 1 1
v (%) — v (x1)] < c("‘g—xl') < COF =< Sow,

2
provided 6y < 2. It follows that

1
dist(v® (x), V) > 55/\/, Vx € Bgye(x1),

so that |
/B — x (dist® (v°, N)) = w8367

e (X1) €

This contradicts the assumption that

1 ) 1 2 1 s 2 2
— x (dist”(v*, ) E/ SIVUE|7 + = x (dist™(v*, V) ) < &,
/1;9 2 By, (0) (2 g2 ( )) 0

Os(xl) €

provided we choose a sufficiently small 69 > O.
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From dist(v®, N) < 8 in B%o (x0), we may decompose v® into

v® = Tn(0°) + dist(v®, M (T (v°)) 1= we + deve,
where w, = [ (v%), de = dist(v®, N), v, = v(ITAr(v¥)), and

y —Hn(y)
n == ye N5 \ N,
V(I (y) y—Tiv) Y SN \

denotes a unit normal vector of N at the point ITs(y).
Thus the equation of v, can be rewritten as

1
Awe 4+ Adeve 4 2Vde Vv + do Ave — ?X’(df)vvgdf = T. Q2.7
Multiplying (2.7) by v, we get
_ 2, 2 0 1
Ade = (Vwg, Vi) +dg|Vve|” + ?X (dg )de + T, (2.8)

where rj- = (T¢, V). Plugging Ad, into (2.7), we obtain
Awg + (Vo Vv)ve + de (Ave + |Vv5|2v6) +2(Vve, Vd;) = 1/, (2.9)
where r; =T, — tj- ve. Here we have used the identities:

(VoodZ, ve) = 2de, (Vy,dZ, ve)ve = Vi, dz.

&

Letn € C(‘)’O(B%o (x0), R) be a standard cutoff function of B3, (Xp). Since dist(v®, N) <
5
87 on By (Xo), it follows that d; = dist(v®, M) < §x7 on By, (Xo), i.e. ||d£||L°°(B,-O(x0)) <N,
so that X’(dg) = 1 and hence

(—A + 8%) den?) = — de A(%) — 2Vd V(%) + (Var, V(ven?)) — (Var, vV (n?))

+de (IV@en) P = v VODIP) + 70
(2.10)
4

For sufficiently small ¢ > 0, by applying the W? 3 -estimate for (—A + E%) uniformly in €
(see [13]), we obtain that

205 2

IV=(denIl 4
S A 4 +1VdeV @) 4 + [Vl 21V ven®)ll s

. @2.11)
3

+ Vel g2 + Ide [l Lo | Ve ll 21V en) | s + IIfELIIL‘

S ldellzoe + 1Vdell 2 + I Voell 2 (IV Wen)ll s + 1)
+ el IV Vel 21V en™) s + 17l 2,

where A < B stands for A < C B for some universal positive constant C.
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For w,, by a similar calculation we obtain
A(@en?) = = (Var, Ven?)ve + (Voor, vV (7)) ve

—d:[AWen?) — ve A(?) = 2V, V(D)] + de[|[Vven?[* — [0 V(D)1 ]ve
—2[(V(ven?), Vde) — (V(i17), Vde)ve | + /0 + 0 A(n?) + 2V V (n?).

(2.12)
4
Applying the W23 -estimate, we obtain
2 2
IV @)l 4
SVl 2 IVen®)lis + Vol s + Idell< 1 AWen*)| 4
(2.13)
el (14 190l 5 ) + Idell e IV e 2 1V e s
H Vel 21V en® s + 1Vl 3 + Nl 2.
Therefore, we conclude that
IVt 4 + 1V @er)]] 4
(2.14)
SIVEI V@) lgs + el I V2 er) g + IVl + Il zel 2.
Since
V¥ = wen? + deven?
we have

20,62
IV 0l 4

SIVEeven®)l g + 1V @en?)l 4

S el V2 @en®) | g + Vel 21V en?) s + IV2denl] 4 + 1V (@en)]
S el Vel L3 ellr? Vell )l L4 el il 4 @I 4
S el 1V er)l g + 1Vdell 21V @en®) s + IV @den®)] g

+ Vel 2 + 1V @er)l| s +1.

(2.15)
Therefore, we have

2/..6.2
IV ) 4
< ||da||Loo||v2(ven2)||L% + VeIl 2 [T+ IV @ D) s + IV el 4] + lTell 2 + 1

S el IV en s + IVl [L+ IV @ )l zs] + zellz2 + 1.
(2.16)
Since v, = v, (v®), we can directly calculate and show that

IV2@en)ll 4 IV s + IVl [T+ IVEIIs]+ 10 @)
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Therefore, we can conclude that
(1= Cllde o) IV @ )| 3 S IVl [T+ IV @ D) s] + el + 1. 2.18)
Since ||d¢ ||~ < §n, we have that
L= Clldelzs 21— Cox = o,
provided &z is chosen sufficiently small. From this and Sobolev’s embedding, (2.18) implies
V@S )l S IVl [T+ IV @ )] + lzell 2 + 1. (2.19)
Taking §p small enough in the assumption (2.4), we conclude that
IV )lizs S IVV Il + l1Tell 2 + 1 < CBo. A2). (2.20)
Substituting this into (2.19), we obtain that

IV2@en)ll s < C(o, A2). @21

Hence v¢ — v in HI(B%O (x0)).

By Fubini’s theorem, there exists 71 € [5, 2] such that

/ |Vd,|> < C/ |Vd,|* < C, / |de|?* < C/ |d|* < Ce?.
9By (x0) ng(xo) 9By (Xo0) ng(xo)

(2.22)
Multiplying the equation of d; by d, and integrating by parts over B,,, we obtain

2 ad
/ (|Vd$|2+—2X/(d8)d€2+|Vv€|2d£2+Vw£Vu£.dg)—/ —d, :/ thd,.
By, (x0) € 3By, (x0) OV By, (x0)
(2.23)

Then we have

2
\Vd, > + = d?
/B,q(m( Pt )

1 1

1 1 1 1
sc(/ |Vda|2)2(/ |de|%)? +C(/ |Vwa|4)2(/ |de[*)?
aBrl (X0) aBrl (x0) Brl (X0) Brl (X0)

1 1
+C(/ |r8|2)2(/ d.P)? < ce.
By, (x0) By, (x0)
(2.24)
Therefore we have that 5
d, .
:; — 0 in L'(B, (x0)). (2.25)

This completes the proof.

Now we define the concentration set by

k—00 2

vi=[{rea: lirninf/B N (1|WE|2 + S%X(dis?(vw\/))) > 851, (2.26)
(X

r>0

where §p > 0 is given in Lemma 2.1. We have
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Lemma 2.2 X is a finite set, and
V¥ = v in HL(Q\ ). (2.27)

The finiteness of X follows from the condition (2.2) and a simple covering argument, see
also [24] and [12].

3 Convergence of Ginzburg-Landau approximate solutions

The section is devoted to the proof of Theorem 1.2, which is based on a priori estimates from
section 2 and the compensated compactness property of the Ericksen stress tensors.
First, it follows from the global energy inequality of (1.4) that for almost every ¢ € (0, T),

/ (|u5|2+|Vv€|2+:lzx(distz(vs,/\/)))+2/ (VU] + [of +u® - Vo |*) < Eo.
Qx{t}

t
(3.1)
Here Ey = fQ(Iuol2 + |Vup|?). This, combined with the system (1.4), implies that there
exists 1 < p < 2 such that

sup [”uf HLZW—_z,p + H vf ”L4/3L4/3] < 00, (3.2)
>0 t div t x
where W d, stands for the dual of de" Q) =g e W“ (2,R?) : V.g = 0} with
p = p/(p — 1). To see (3.2), first observe from (3.1) that for l<p< 2
VU + Auf — V- (Vo O Vv¥) € L2W; 27,
and
| =u® V' + Au =V (VoF O V) | 220
=< C (I @ ull gy + Il 22 + V0 © Vol 2,1 )
< C[A + Nl o)l o2 + IVV I 2] < €

Then we can estimate

i -0y 2 = sup {lf .00 80 g, < 1)

div
= sup {(—u®-Vuf +Au —V-(Vvf O Vi), g): g € def’ (Q), ||g|| o =1
< sup {(—u®-Vu® +Au’® — V-(V* OVv°), g) : geWO 2 (), ||g|| /<1}

| = Vu® + Au® =V - (Vo © Vo) 2, < C.

4 4
To estimate v?, observe that v¥ = (v¥4+u®-Vv®)—u®-Vv® € L2L2+LIL4 <1212 Cc L} L},
and

<C,

ARSI LA PR S LY 7S 22

L}

where we have applied (3.1) and the fact that L;’OL% N Ltszl - L?Li.
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Hence by Aubin-Lions’ Lemma there exist u € L?OLi N L,szl(QT, R?) and v €
L®H!(Qr, N) such that after taking a subsequence,

W, v%) — (u,v)in L2(Q71), (Vu, Vv®)—(Vu, Vv)in L*(07).
This, combined this with (3.1), also implies that
vf +uf - VP +u-Vo in L*(Qr). (3.3)

Furthermore, it follows from (3.2) that (u®, v®) is bounded in C, ([0, T], W27 (Q) x
L3(9)). This, together with the boundedness of (uf,v®) € L®L2(Qr) x L®HN(Qr),
enables us to apply [30] Lemma 6 to conclude that (¢, v®) is bounded in Cy, ([0, T], L2(Q) x
H'(Q)). Thus, after taking a possible subsequence, we can assume that

(us(t), vs(t))—\(u(t), v(r)) in L*(Q) x HY(Q), (3.4)
forallz € [0, T].

By the lower semi-continuity, we have that for all r € (0, T),

/ (|u|2+|Vv|2)+/ (AVul? + v, +u - Vol?)
Qx{t} 0,

<timit ([ P4 0P+ [ Qv vop) G
e=0 Jaxi o

< Ey.

By Fatou’s Lemma, we also have that for all r € (0, T'),

/ 11m1nf/(|Vu | +vy +u’ - Vo )<11m1nf/ /(qu | + v 4+ u®-Vo° | )<E)y.
0

(3.6)
Hence there exists A C [0, T'], with Lebesgue measure |A| = T, such that for any ¢ € A,

e—0t

lim inf/ (IVUs 1 + [vf 4+ u® - Vo ?) (1) < oo. (3.7)
Q
Now we define the concentration set at € A by

1 1
5 =) {x eQ: liminf/ (51VV° 1 + = x (dis? (0%, A))) > 55}, (3.8)
0 e—0 By (x)x{t} 2 &

where J is given by Lemma 2.1. By Lemma 2.2, it holds that #(X;) < C(E)), and
vE(r) — v(r) in HL(Q\ 2(1)).

Now we would like to show that v is a weak solution of (1.1)3 by utilizing the geometric
structure as in [1] (see also [21]). First notice that there exists a unit vector ng\f 1 Tn N(US)N
such that

— x (dist? (v, N)) = 2/ (dist* (v*, N)) dist(v®, v,

Next, since Iy : Ns,, — N is the nearest point projection map, it follows from the differ-
ential geometry (c.f. [29]) that for any y € N/, the differential map DITar(y) = DyITp(y) :
RL — Ty N is an orthogonal projection map, and DTl () is the second fundamental form
of Vaty e N, i.e.,

DT (y)(wi, w2) = —An (y)(wi, wa), Ywi, wy € TyN.
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In particular,
d
(DT (T (v¥)) (v), ax(custz(v"‘,fv))> =0

holds everywhere in 2 for any vector v € RY. Thus forany r € A and ¢ € Co(Q\%,, RL),
it holds

/ (vf +u® - Vv® — Av®, DITA (TTnr (v%)) )
Qx{r)

1 d
=-= (= x (dist” (v, A)), DT (M (v°))¢) = 0. (3.9
& Qx{t} dv

From Lemma 2.2, we have that Vv — Vv in L%OC(Q \ X;). This implies that

/Q AV DI w))9) = / (Vof, V(DI (T (v)))
Xt

Qx{r}
— (Vv, V(DHN(HN(U))¢)) 2/ (Vv, V(DHN(U)¢))
Qx{t} Qx{t}
= /Q { }((Vv, Vo) — An(v)(Vu, Vo)), (3.10)
X\t

as ¢ — 0. Here we have used the fact that

DIy (M (v))¢ — DIy (TTy (v))¢ = DIy (v)9,
in ngc(Q \ %), as ¢ — 0, where I (v) = v follows from v(2) C N. And in the last step
we have used V(Dl‘[,\/(v)¢) = D?T15r(v)Vvg + DI (v) Ve, which implies

/ (Vu, V(DI (v)¢)) :/ (Vv, D* Ty (v)Vvg + DIy (1) Vep)
Qx{t} Qx{t}
Z/ (Vv, V) — Ax(v)(V, V),
Qx{t}

where we have also used d;v € T,V implying (Vv, DTIxr(v) V) = (Vv, Vo).
From (3.7), we may assume that there exists 7(¢) € L2(2, RL) such that

v} +u® - Vo) (1) —1() (3.11)

in L2(Q) as ¢ — 0. Substituting this convergence and (3.10) into (3.9), we obtain

fQ (G D)) = f (Vo, Vé) — Ax(v)(Vo, Vo) (3.12)
X\t

Qx{t}

forany t € Aand ¢ € C°(Q\ Xy, RL). This implies that v(z) is a weak solution of the
equation of approximated harmonic maps, with tension field t(¢), in Q \ X;:

Av(t) + An () (Vo(0), V() = ().

Since (1) € L*(,RE), it follows from the W2 2-regularity of approximated harmonic
maps in dimension two (see [31] and [28]) that v(r) € WZ22(Q \ £, ). Hence Auv(r) +
An () (Vu(), V(1)) € Ty N holds a.e. in Q \ £,, which implies that t(¢) € TN
holds a.e. in Q2 \ %;.
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Since ¥, C R? is a finite set, the 2-capacity of ¥, is zero (see [5]). Hence there exist a
sequence {ni )2, C C°(2) suchthatforallk e N, 0 < < 1, ¥, C int{n = 1}, and

lim /(|nk|2+|vﬁk|2)dx o0,
k—o0 Jo

Now for any test function ¥ € C3°(£2, RL), set ¢y = ¥ (1 — n). Then ¢y € Coo (2 \
%, RE). Applying (3.12) with ¢ replaced by ¢, we obtain

/ (t(. 1), DI () (1 — 10)) =/ Vo, (1 — VY — ¥ V)
Qx{r) Qx(1)
AN ) (T, Vg (1 — np).

It is readily seen that after sending k — o0, it holds

/Q D DI —n0) = [ (e 0. D),
X {t

Qx{t}

/ Vo, (1 =) Vi) — (Vo, Vi),
Qx{t}

Qx{t}
f AN @) (Vo, Vo)y (1 — nk) — / An @) (Vv, Vo)y,
Qx{r} Qx{r}

and

1

|/<w,wwk>| < c(f |Vv|2)f(f Vn)F 0.
Q Q Q

With these estimates we obtain

/Q (0. DT ) =/ (Vo, Vi) — An@) (Vo Vo) (3.13)
X{t

Qx{t}

forany r € A and € C3°(Q, Rb).
On other hand, by comparing (3.3) with (3.11), we see that for a.e.t € A,

(-, 1) = (v +u-Vu)(-, t).

Since t(-, t) € Ty(.,n /N holds a.e. in 2, we have that

[ ww. o) = [ w00 = [ w+u- Vo0
Q Q Q
This, combined with (3.13), implies that
v+ u-Vv—Av = Axw)(Vv, Vv) (3.14)

holds weakly in €2 for a.e. t € A. Hence (1.1)3 holds.
Next we proceed to verify the difficult part, that is, u solves (1.1);. First by the estimate
(3.2), we have

uf—u;, in L2([0, T], H-Y N L2([0, T], W2P)

for some 1 < p < 2. Forany & € C*([0, T]) with £&(T) = 0, ¢ € J, since

/ WEp = — / uoE(0)g — / W,
or Q or
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this, after taking € — 0, implies that

f uikp = / uoE)g — / ut'p.
or Q or

By the definition of A, it is readily seen that for any ¢ € A, it holds

0= / <3,u5, (p)—l—/ <u£ - Vu®, <p>+/ <Vu£, Vgo)—l—/ (Vv © Vv¥) : Vo,
Qx{t} Qx{t} Qx{t} Qx{t}
(3.15)

forany ¢ € J.
Now we need to show the following crucial claim.
Claim: For any t € A, it holds that for any ¢ € J,

f <3,u5, (p) +/ <u5 - Vu®, <p> +/ (Vus, V(p> +/ (Vve © Vv°) : Vo
Qx{t} Qx{t} Qx{t} Qx{r}

— (us, @) +/ (u - Vu, @) +/ (Vu, Vo) +/ (Vv © Vo) : Vo,
Qx{r} Qx{t} Qx{t}

Qx{t}
(3.16)
as e — 0.
Observe by (3.7) that for any t € A, Vu®(-, t)=~Vu(-, t) in L%($2). Thus the convergence
of the first three terms follows immediately.
The crucial step of this claim is to show the weak convergence of Ericksen stress tensors
of v¢ to that of v, i.e.,

lim (VP O Vv®) : Vo = / (Vv ® Vo) : Vo, Yo € J. (3.17)
e=>0 Jox{r} Qx|t}

For simplicity, we may assume ¥, = {(0,0)} C 2 consists of a single point at zero. Let
¢ e CP(L, R?) be such that divg = 0 and (0, 0) € supp(¢), the support of ¢. Observe that

1
/ (Vv O Vv°) : Vg = f (Vvs o Vv — 7|Vv5|21[2) : Vo
Qx{r} Qxir) 2

Also by direct computations we observe that

1

1
Vvl © Vvt — 5|Vv*3|2112 == ( (3.18)

2(0,0°, 8yv%),  13yv°]* — axv°]?

1850° P — 13,0° . 2(0,0°, 3y0°) )
2

is a 2 x 2-matrix valued function whose entries consist of the Hopf differential of v®. It
follows from (3.4) and (2.27) of Lemma 2.2 that there are two real numbers «, § such that
(18077 = 13y P)dx— (13 v]* — [3yv*)dx + ad0,0), (3.19)

and
(0xv°, 9,v°)dx— (3 v, 0y v)dX + B8(0,0), (3.20)

as convergence of Radon measures.
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The above claim will follow if we can show a stronger property, namely the weak conver-
gence of the Ericksen stress tensors in (3.19) and (3.20):

a=p=0. (3.21)
Recall that

1 d
AV — = x' (dist® (0", N)) - (dis?(v%, N)) = £ := 9,0 + u® - Vo, (3.22)
& v

where the tension filed ¢ is uniformly bounded in L?(£2). Denote the Ginzburg-Landau
energy density by

1 1
e (V%) = Elesl2 + X (dist?(v*, N)) .

Next we want to derive the Pohozaev identity for v®. For any X e C{°(%2, R?), by
multiplying the equation (3.22) by X - Vv® and integrating over B, (0) we get

i .

/ XTv) - (of =) - / Xjvj - vf + / divXe,(v°) — / e (W) (X - )
3B, (0) x| B, (0) B, (0) 3B, (0) x|
- f (X - Vo) - . (3.23)

B, (0)

If we choose X (x) = x, then it holds that

2 2 2 vt
r/ +/ — x (dist (ve,N))—r/ es (V%) :/ x| i
9B, (0) B.(0) € 9B, (0) B.()  Or

(3.24)
and hence

v
ar

& av* g 1 2 st (0 E £11gE
ee(v®) = - [ Sx@istet Ao Vi),
9B, (0) 9B, (0) ar r JB.(0) € B (0)
(3.25)
This, after integrating from r to R, yields that
A R 2
/ e (v°) :f v —l—/ f/ —2x(dist2(v£,./\/'))dr
Br(O)\B,(0) Br(O\B,(0) | 7 r TJB.0) ¢ (3.26)
® .
+/ 0(/ [Vue|f*])d.
r B (0)
Since ¥; = {(0, 0)}, we can assume that there exists y > 0 such that
1
eg(vg)dx—\§|Vv|2dx+ys(oﬁo) in Bs(0), (3.27)
as convergence of Radon measures. For t € A, we have that
1 1
lim [£5]|Vv®| < lim (/ |f8|2)f(/ IVv¥|?)2 < CEy.
e=>0Jp.(0) e=0 " JB.(0) B:(0)
Hence, after sending ¢ — 0, we obtain from (3.26) that
1 wl* [R1 2
/ 7|Vv|2z/ v +/ — lim = x(dist* (v, N))dT+O(R).
Br(O\B,(0) 2 Br(O\B,(0) | 97 r Te=>0Jp ()8
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Sending r — 0, this further implies that

1 2
=IVul* >
Br(0) 2 Br(0)

From this, we must have that

av

2 R 2
— +/ = lim = x(dist? (v, N))dT + O(R).
Br 0

Te>0/)p () €

2
S x(dist? (v, N)) > 0 in L'(By). (3.28)
&
For, otherwise, we would have that
2 st E
87)( (dist=(v°®, N)) dx—\K(S(O’())

for some x > 0 so that
R R
1 2
/ — lim —zx(distz(vs,/\f)) = / Lar = oo
0o Te&e>0 B.(0) € o T

This is impossible.
Next, by choosing X (x) = (x, 0) in (3.23) we obtain that

1/ 2 2 L2
- a,0° | — |9,0° )+/ — o dis?(®, N))
5 B,(O)(|y "~ [a:v?] ) 22
2 &
9
=/ x(axvg,f€)+f x—eg(vs)—/ @08, 2. (3.29)
B,©) 0B, T 9B,(0) or

Observe that by Fubini’s theorem, for a.e. » > 0 it holds that

v 9
f x(apt, 2 >—>/ *(aev, 29,
3B, (0) ar 3B, (0) or

2 2
X 1 X
/ e (V) —> = —|Vul%,
9B, (0) T 2 Jom,0) T

and by (3.28),
/ izx(disﬁ(vf,/\/)) — 0.
B

- (0) €
Furthermore,
x(0,0°, £5)| < Cr ||[£°] 2 | Vo°] 2 = O ().
B, (0)
Hence, by sending ¢ — 0 in (3.29), we obtain that

/ ([ay0]* = [a0]*) + @ = 0.
B-(0)

This implies that « = 0, after sending r — 0.
Similarly, if we choose X (x) = (0, x) in (3.23) and pass the limit in the resulting equation,
we can get that

/ (0yv, 0yv) 4+ B = O(r).
By (0)

This can imply that § = 0 after sending »r — 0. This proves (3.21) and (3.18). Hence the
Claim holds.

Finally, by multiplying (3.16) by & € C*([0, T']) with £(T) = 0 and integrating over
[0, T'], we conclude that u satisfies the (1.1); on Q7. The proof of Theorem 1.2 is complete.
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4 Compactness of weak solutions to the simplified Ericksen-Leslie
system

This section is devoted to the proof of Theorem 1.3. A key ingredient is the L”-estimate,
1 < p < 2, for the Hopf differential of v¥.
Since (u, v*) satisfies the assumption (1.9), and

(ugy, vp)—(uo, vo) in  L*(R) x H'(Q),
there exists (u(x, 1), v(x, 1)) : O — R? x A such that

W®, v )=, v) in L0, T], H (), 4.1
vk 4k vk —~v, 4 u- Vo in L0, T1, L*()). (4.2)

Also it follows from the standard estimates on the system (1.1) and (1.9), similar to the
discussion we have in the previous section, that there exists 1 < ¢ < 2 such that

sup [t [0 + 1 4] < o @3
Hence, by the Aubin-Lions Lemma we may assume that
@, v*) = (u,v) in L*(Qr) x L*(Q71),
and
W0, 0 o) =@ 1), v, 1) in LA(R)

forallt € [0, T].
By the lower semi-continuity, we have

f (IVul* + v +u - Vol?) < liminf/ (|wk|2 + vk +uk~Vvk|2) < Co.
k—o00

t t

By Fatou’s Lemma and (1.9), we have

k—o00 oo

t
/ lim inf/ (|w"|2+|vf+uk.wk|2) <lim inff (IVuklz + Pkt wk|2) < Cy.
0 Q k— (ol
Hence, there exists A C [0, T'] with full Lebesgue measure 7 such that for all € A
liminf/ (|w"|2 + ok Uk ka|2) (1) < oo. (4.4)
k—oo Jo
Now we define the concentration set at time ¢ € A by letting

=) {x €Q:lim inf/ |Vok |2 > 83}, 4.5)
r>0 o B

where J is the same constant as in Theorem 1.2 in [28]. As in [28] (see also [24, 31]), we
can show that for any ¢ € A, it holds that #(%;) < C(Ep) and

)y > v in HL(Q\ D). (4.6)
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Similar to the proof of Theorem 1.2, we can show the weak limit (u, v) satisfies the third
equation of (1.1) in the weak sense. The most difficult part is to show that the first equation
of (1.1) also holds in the weak sense. As in the proof of Theorem 1.2, in order to complete
the proof of Theorem 1.3, it is suffices to show the following convergence of Ericksen stress
tensors:

lim / (W" o) Vvk) Ve = / (VoOVv):Ve, Vo el.  (4.7)
k=00 JQx {1} Qx{t}

For simplicity, assume X; = {(0,0)} C Q. Let ¢ € C®(, R?) be such that div ¢ = 0 and
(0, 0) € spt(p). By the same calculation as in (3.18), we have

1 (Iaxvsl2 — 19,0712, 28,07, Byv°) )

1
£ e _ &2 _
VU OV =S IVUT = o 20,08, 0,0F), 1,00 — [0y e 2

For any ¢ € A, note that v¥(¢) is an approximated harmonic maps from €2 to \:

AVK 4+ AR (VoK vk = gk (1) := ok (1) + uk - vk (1) € LE(Q). (4.8)

By higher order Sobolev regularity of approximated harmonic maps with L2-tension fields
in dimension two, see [28] and [31], we have v¥ € W22(Q, N).
Recall the Hopf differential of v¥ is defined by

k
X dv

= (g)2 = [agok* = |a, 0k [P + 2i{a,0%, 9,0F), 4.9)

where z = x 4+ iy € C. Since vk e WZ*Z(Q, N), direct calculations give

ark vk 9%k L ovk i, vk ‘
— =2—— =2A0"— =2g"(t)— := G". (4.10)
07 dz 070z 0z 9z
It is clear that
k k vk
16 11,y = 218" Ol 2@ | 5[ 12 = 2C0- (@.11)
Therefore, for any z € B,(0) we have that
" H () GH ()
H (z) = do + dow. 4.12)
8By (0) £ — @ By (0) T — @
By the Young inequality of convolutions, we obtain that
1
18 r ey = €O IR s + 1110 16 11y = € p) 4.13)

holds for any 1 < p < 2. From this and the convergence Vv* — Vv in LIZOC(Q \ =, N),
we immediately conclude that

1,052 — 8,0k 2= 18,0 — 19y ]%, (0,05, 8,08 )= (d,v, Byv) in LP(B,(0))

holds for any 1 < p < 2, which implies the L'-weak convergence of Ericksen stress tensors
of v* to that of v. In particular, (4.7) holds true. This completes the proof of Theorem 1.3.
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